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Bernoulli’s Principle

Statement

In 1738, Swiss engineer Daniel Bernoulli obtained an equation for flow of fluids on the basis of the
principle of conservation of mechanical energy. The equation is applicable to streamline motion
of a non-viscous and incompressible fluid.
When a non-viscous and incompressible fluid flows in streamlines, the sum of the pressure energy,
kinetic energy and potential energy per unit mass at any point in a streamline remains constant.
It is given as,

P

ρ
+

1

2
v2 + hg = constant (1)

where, P/ρ is the pressure energy per unit mass,
v2/2 is the kinetic energy per unit mass and
hg is the potential energy per unit mass.

Proof

Let us consider the streamline motion of a non – viscous and incompressible fluid of density ρ
through tube XY .

Figure 1: Bernoulli’s Principle
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At entry point X:

• Area of cross – section: A1

• Pressure: P1

• Velocity of fluid: v1

• Height of the tube from bottom surface: h1

• Displacement of mass m of fluid in δt seconds: δl1

Let A2, P2, v2, h2 and δl2 be the corresponding quantities at the exit point Y .
Since, there is no accumulation of mass of the fluid anywhere in the tube, we have the mass of the
fluid to be,

m = volume of fluid × density

m = (A1δl1) ρ = (A2δl2) ρ (2)

But from figure (1), it is observed that δl1 = v1δt and δl2 = v2δt. Hence equation (2) becomes,

m = A1v1δtρ = A2v2δtρ

A1v1 = A2v2 =
m

ρδt
(3)

where, m/ρδt is the volume of fluid flowing per second. Hence,

A1v1 = A2v2 = constant (4)

This equation is called the equation of continuity.
At X, work done by force P1A1 in displacing the mass m of fluid through distance δl1 in the
direction of the force is given as,

W1 = P1A1δl1

W1 = P1A1v1δt (5)

At Y , work done by force P2A2 in displacing the mass m of fluid through distance δl2 in the
direction of the force is given as,

W2 = P2A2δl2

W2 = P2A2v2δt (6)

The sum of the kinetic and potential energy at X and Y are respectively given as,

E1 =
1

2
mv21 +mgh1 (7)

E2 =
1

2
mv22 +mgh2 (8)

According to the principle of conservation of energy, the net work done on mass m of the fluid
during its displacement is equal to the increase in the sum of its kinetic and potential energy.
Hence, we get

W1 −W2 = E2 − E1

W1 + E1 = W2 + E2 (9)
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Hence substituting the values of W1, W2, E1 and E2 from equations (5), (6), (7) and (8) in equation
(9), we get

P1A1v1δt+
1

2
mv21 +mgh1 = P2A2v2δt+

1

2
mv22 +mgh2 (10)

But from equation (4), A1v1 = A2v2 = m/ρδt. Hence equation (10) gives,

P1
m

ρ
+

1

2
mv21 +mgh1 = P2

m

ρ
+

1

2
mv22 +mgh2

P1

ρ
+

1

2
v21 + gh1 =

P2

ρ
+

1

2
v22 + gh2 (11)

or in general,

P

ρ
+

1

2
v2 + gh = constant (12)

This is the Bernoulli’s equation for the flow of unit mass of fluid.

P +
1

2
ρv2 + ρgh = constant (13)

This is the Bernoulli’s equation for the flow of unit volume of fluid.
Bernoulli’s theorem is true only for steady flow of an ideal fluid i.e. a fluid which is incompressible
and has negligible viscosity. Water can be considered a nearly ideal fluid as its viscosity is negligible
and its change in volume with pressure is negligible.

Euler’s Equation

The Euler’s equation for steady flow of an ideal fluid along a streamline is a relation between
the velocity, pressure and density of a moving fluid. It is based on the Newton’s Second Law of
Motion. It is named after swiss polymath Leonard Euler, a student of Johann Bernoulli (who is
the father of Daniel Bernoulli).
It is based on the following assumptions:

a. The fluid is non-viscous (i.e. the frictional losses are zero).

b. The fluid is homogeneous and incompressible (i.e. mass density of the fluid is constant).

c. The flow is continuous, steady and along the streamline.

d. The velocity of the flow is uniform over the section.

e. No energy or force (except gravity and pressure forces) is involved in the flow.
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Derivation

Let us consider a cylindrical element IJ of the streamline flow of an incompressible, non-viscous
fluid of density ρ as shown in figure (2).

From figure (2), we have

• Cross-sectional area of fluid ele-
ment: dA

• Length of fluid element: dS

• Weight of fluid element: dW

• Velocity of fluid element: v

• Acceleration of fluid element: as

• Pressure at Element I : P

• Pressure at Element J : P + dP

Figure 2: Euler’s Equation

The fluid element is accelerated in the direction of the streamline due to the external forces
acting on it. The net external force acting on the fluid element is given as,

= PdA− (P + dP )dA

= −dPdA (1)

The weight of the fluid element is given as,

dW = ρgdAds (2)

From the geometry of the figure, the component of the weight of the fluid element in the direction
of the flow is,

= ρgdAdscosθ

= ρgdAds
dz

ds
= ρgdAdz (3)

Hence, the mass of the fluid element is given as,

= ρgdz (4)

The net force acting on the fluid element is given using equations (2) and (3) as,

= −dPdA− ρgdAdz (5)

The acceleration of the fluid element is given as,

dv

dt
=

dv

ds
× ds

dt
dv

dt
= v

dv

ds
(6)
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According to Newton’s Second Law of Motion,

Force = Mass× Acceleration (7)

Using equations (4), (5) and (6) in equation (7), we get

dPdA− ρgdAdz = ρgdz × v
dv

ds
dP

ρ
+ gz = −vdv

dP

ρ
+ vdv + gz = 0 (8)

This is the Euler’s Equation of Motion in the differential form. On integrating equation (8),
we get

1

ρ

∫
dP +

∫
vdv + g

∫
dz = constant

P

ρ
+

1

2
v2 + gz = constant (9)

This is the Bernoulli’s equation for the flow of unit mass of fluid as seen in the last section.
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