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Definitions

Viscosity:

When a fluid flows slowly and steadily
over a fixed horizontal plane surface
OX, it flows in the form of layer par-
allel to one another. The layer in con-
tact with the plane surface is practi-
cally stationary. The velocities of suc-
cessive layers above OX increases uni-
formly with the vertical distance y from
OX as shown by the arrows. Such a
flow is called the laminar flow.

Figure 1: Velocity Gradient of Laminar Flow

In a laminar flow, adjacent layers flow with relative velocities. In the figure (1) the velocity
of layer B is greater than that of layer A but lesser than that of layer C.
When a layer of a fluid slips or tends to slip on another layer in contact, the two layers exert
tangential forces on each other. The lower layer B exerts a tangential force on the upper layer
C tending to retard its forward motion. The upper layer exerts an equal and opposite tangential
force on the lower layer to accelerate its forward motion. Thus these forces of action and reaction
tend to reduce the relative motion.
The property of a fluid by virtue of which it opposes relative motion between its different layers
is known as viscosity or internal friction of the fluid.

Velocity Gradient:

The velocity between two adjacent layers of a fluid in a laminar flow is the rate of increase of the
velocity with distance perpendicular to the direction of flow.
If the velocity of layer B is v and that of the layer C is v + dv and their perpendicular distances
from OX are y and y + dy respectively. The velocity gradient perpendicular to the direction of
motion at y from OX is given as,

velocity gradient =
(v + dv)− v
(y + dy)− y

velocity gradient =
dv

dy
(1)
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Coefficient of Viscosity (η):

In the case of a fluid in motion, the viscous force exerted by a faster layer on its adjacent slower
layer is,

i. Directly proportional to the area A of contact between the two layers.

ii. Directly proportional to the velocity gradient at the faster layer in a direction perpendicular
to the direction of flow.

F ∝ −Adv
dy

F = −ηAdv
dy

(2)

Where, η is a constant for the fluid and is called the coefficient of viscosity. Negative sign
shows that the force F acts in the direction opposite to the velocity.
Rearranging equation (2), we get

η =
−F

A
(
dv
dy

) (3)

The coefficient of viscosity of a fluid is the magnitude of the backward viscous force acting tan-
gentially on unit area of a layer of the fluid flowing in a region of unit velocity gradient normal to
the direction of flow of the fluid.
The dimension is given as, [ML−1T−1]
and its unit is Ns/m2 in SI and poise = dyne sec/cm2 in CGS with 1Ns/m2 = 10 poise.

Streamline and Turbulent Flow

Streamline Flow

If successive particles of the fluid pass through a given point with the same velocity, which does
not change with time, and follow the same line of flow then the flow is said to be steady. The line
of flow is called a streamline.

(a) Streamline Flow in a Tube (b) Streamlines in a Tube

Figure 2: Streamline or Laminar Flow

A streamline is defined as a curve in steady flow of a fluid such that the tangent to it at any point
is in the direction of the velocity at that point.
In steady flow, particles of the fluid in different regions flow along different streamlines. Hence,
steady flow of a fluid is also called as streamline or laminar flow.
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Turbulent Flow

If the velocity of a fluid is gradually increased then at a certain velocity, called as critical velocity,
the streamline flow becomes irregular and unsteady. This irregular and unsteady motion of the
fluid is called turbulent flow. In turbulent flow, most of the energy necessary to drive the fluid is
dissipated in the formation of eddies.

(a) Turbulent Flow in a Tube (b) Eddies in a Tube

Figure 3: Turbulent Flow

Critical Velocity

When the velocity of a fluid flowing in streamline in a tube is gradually increased then at a certain
velocity, the streamline flow becomes turbulent. The corresponding velocity is called as critical
velocity, vc.

Reynold’s Number

It was Osborne Reynolds who first showed by direct experiments that critical velocity of a fluid,
vc, depends on

a. coefficient of viscosity, η

b. density of the fluid, ρ and

c. radius of the tube, a.

We can deduce the relation using dimension analysis. We can state the above conditions as,

vc = kηxρyaz (1)

Putting the dimensions we get,[
LT−1

]
=

[
ML−1T−1

]x [
ML−3

]y
[L]z[

LT−1
]

=
[
Mx+yL−x−3y+zT−x

]
(2)

Hence, we get

x+ y = 0 (3)

−x− 3y + z = 1 (4)

−x = −1 (5)
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Solving the above equations (3), (4) and (5), we get x = 1, y = −1, z = −1. Hence critical
velocity is given as,

vc =
kη

ρa
(6)

Reynolds found the constant, k, to be 1000 for narrow tubes. The number k is called the
Reynolds’ number. Hence, critical velocity for fluids travelling through narrow tubes is given
as,

vc = 1000
kη

ρa
(7)

Stoke’s Law

When a solid body moves through a fluid, the fluid in contact with the solid is dragged with it.
Relative velocities are established between the layers of the fluid near the solid so that the viscous
forces start operating. The fluid exerts viscous force on the solid to oppose the motion of the solid.
The magnitude of the viscous force depends on the shape and size of the solid body, its speed and
the coefficient of viscosity of the fluid.
Suppose, a spherical body of radius r moves at a speed v through a fluid of viscosity η. The
viscous force F acting on the body depends on r, v and η.
Assuming that the force is proportional to various powers of these quantities, we can obtain the
relation through dimensional analysis as,

F = kravbηc (1)

where, k is a dimensionless constant. Taking dimensions on both sides, we get[
MLT−2

]
= [L]a

[
LT−1

]b [
ML−1T−1

]c
Hence, we get

c = 1 (2)

a+ b− c = 1 (3)

−b− c = −2 (4)

Solving the above equations (2), (3) and (4), we get a = 1, b = 1 and c = 1.
The dimensionless constant k equals 6π. Hence, equation (2) becomes

F = 6πηrv (5)

This equation is known as the Stoke’s law.
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Terminal Velocity

The viscous force on a solid moving through
a fluid is proportional to its velocity. When
a solid is dropped in a fluid, the forces acting
on it are,

a. weightW acting vertically downwards,

b. viscous force F acting vertically up-
wards, and

c. buoyancy force B acting vertically up-
wards.

Figure 4: Forces Acting on a Body in a Fluid

The weight W and the buoyancy B are constant but the viscous force F is proportional to velocity
v. Initially, the velocity and hence the viscous force is zero and the solid is accelerated due to the
force W −B. Because of the acceleration, the velocity increases. Accordingly, the viscous force
also increases.
At a certain instant, the viscous force becomes equal to W −B. The net force then becomes zero
and the solid falls with constant velocity. This constant velocity is known as terminal velocity, v0.
Consider a spherical body of radius r and density ρ falling through a fluid of density σ. The forces
are given as,
Viscous force, F = 6πηrv0
Weight of the body, W = 4/3πr3ρg
Buoyant force, B = 4/3πr3σg
Hence, we get

6πηrv0 =
4

3
πr3ρg − 4

3
πr3σg

v0 =
2r2(ρ− σ)g

9η
(6)

This is the expression for terminal velocity of a spherical solid moving through a fluid.

Variation of Viscosity with Temperature

Liquids

The viscosity of liquids decrease with temperature. In case of water, the viscosity of water is
0.0101 poise at 200C while 0.0047 poise at 600C. Similarly for castor oil, the values are 24.18 poise
at 100C while 9.86 poise at 200C. A definite relation doesn’t exist between viscosity and temper-
ature for liquids. Empirical formulae have been suggested which are all approximate. One of the
relations is,

ln(η) = a+
b

T
(1)

where a and b are constants and T is the absolute temperature.
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Gases

In the case of gases, the viscosity increases with temperature. According to the kinetic theory of
gases, the variation of viscosity with temperature is given by,

η = aη0T
1/2 (2)

where a is a constant, η0 is the viscosity of the liquid is 00C and T is the absolute temperature.
Sutherland took into consideration the small force of attraction between the neighbouring molecules
and equation (2) is modified as,

η = aη0

(
T 1/2

1 + S
T

)
(3)

where S is known as the Sutherland’s constant. For small ranges of temperature this formula
holds true for many gases.
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