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Entropy

Let us consider that n moles of an ideal gas at pressure p are enclosed in an insulated cylin-
der having a frictionless piston. If an infinitesimal amount of heat δQ is added reversibly at
temperature T then First Law of Thermodynamics gives,

δQrev = nCV dT + pdV (1)

where, CV is the molar heat capacity of the gas at constant volume. Dividing equation (1) by T ,
we get

δQrev

T
= nCV

dT

T
+
p

T
dV (2)

The equation of state of an ideal gas is pV = nRT which can be written as,

p

T
=

nR

V
(3)

Putting equation (3) in equation (2), we get

δQrev

T
= nCV

dT

T
+ nR

dV

V
(4)

If the initial and final states are characterized by thermodynamic variables (V1, T1) and (V2, T2)
respectively, equation (4) on integration gives∫ final

initial

δQrev

T
= nCV

∫ final

initial

dT

T
+ nR

∫ final

initial

dV

V∫ final

initial

δQrev

T
= nCV ln

(
T2
T1

)
+ nR ln

(
V2
V1

)
(5)

This shows that the value of δQrev

T
depends upon the thermodynamic variables T1, T2, V1 and V2.

Even though δQrev is dependent upon path and T is a thermodynamic state variable, the value
of δQrev

T
depends upon the initial and final states only. This can happen only when the ratio δQrev

T

denotes a change in a new function. This function is called entropy and is denoted by S and is
given as,

dS =
δQrev

T
(6)

Hence, when we add an infinitesimal amount of heat δQrev reversibly to a system at constant
temperature T, the entropy of the system changes by δQrev

T
. Entropy is also a thermodynamic

state variable.
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Entropy as a Measure of Disorder

Let us have a cylinder filled with gas. Let us consider a situation in which half the gas molecules
have velocity vectors of same magnitude from left to right and other half have them from right to
left. This is an ordered system. But in reality the situation is highly disordered. The gas molecules
move haphazardly in all directions, bumping into one another, changing speed upon collision, some
going fast and others going slowly. Entropy is the measure of this disorder; higher the disorder,
higher the entropy.

Entropy of Universe

Let us consider that an infinitesimal amount of heat δQ flows from the surroundings at temperature
Tsurr to a system at temperature Tsys. As the system gains heat, the change in entropy of the
system is ∆Ssys = δQ

Tsys
. Similarly, as the surroundings lose heat, the change in entropy of the

surroundings is ∆Ssurr = − δQ
Tsurr

The net change in the entropies of the system and surroundings
is given by,

∆S = ∆Ssys + ∆Ssurr

∆S = δQ

(
1

Tsys
− 1

Tsurr

)
(7)

For a reversible or quasistatic process, the total entropy remains constant and hence ∆S = 0.
While for an irreversible process, the entropy increases and hence ∆S > 0. The universe consti-
tutes of the system and its surroundings. Hence, the entropy of the universe cannot decrease
i.e. ∆S ≥ 0.
This leads us to the entropy statement of the Second Law of Thermodynamics,

Statement III The entropy of a closed system and the entire universe never decreases.

Heat Engines

A heat engine is a device that can convert internal energy of a system to mechanical energy. e.g.
in a electric power plant, fuel like coal is burned to produce steam. This steam rotates a turbine
which in turn drives an electric generator. In an automobile engine, internal combustion of fuel
like petrol, diesel or CNG produces motion of the automobile.
A heat engine carries some working substance through a cyclic process in which,

1. the working substance absorbs energy from a high-temperature source.

2. mechanical work is done by the engine.

3. energy is expelled by the engine to a lower-temperature sink.

For example, in a steam engine, water (working substance) absorbs energy in a boiler due to burn-
ing of fuel and evaporates to steam. This steam does work in expanding a piston. After the steam
cools and condenses, the liquid water returns to the boiler and the cycle repeats.
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The schematic of a heat engine is shown in figure (1).

Figure 1: Heat Engine Figure 2: Impossible Heat Engine

The engine absorbs energy Qh from the hot source, performs work W and expels energy Qc to
the cold sink. As the working substance goes through a cycle, its initial and final internal energies
are equal. So, ∆U = 0.
From First Law of Thermodynamics, we know that ∆U = Q−W . As ∆U = 0, the net work W
done by the heat engine is the net energy Qnet flowing through it. As Qnet = Qh −Qc,
we get,

W = Qh −Qc (8)

The thermal efficiency η of a heat engine is defined as the ratio of the net work done by the engine
in one cycle to the energy absorbed from the higher-temperature source in one cycle. It is given
as,

η =
W

Qh

=
Qh −Qc

Qh

= 1 − Qc

Qh

(9)

Equation (9) shows that a heat engine will have 100% efficiency only if Qc = 0 i.e. no energy is
expelled to the sink. The schematic of such engine is shown in figure (2). A heat engine with
perfect efficiency would expel all the absorbed energy from the source as mechanical work.
In reality, all heat engines expel only a fraction of the absorbed energy as mechanical work and
expel the rest energy to the sink. Hence, real engines have efficiencies less than 100%. So, the
engine shown in figure (2), though perfect, is impossible to construct.
This leads us to the Kelvin–Planck statement of the Second Law of Thermodynamics,

Statement II It is impossible to construct a heat engine which operates on a cycle and produces
no other effect than the transfer of heat from a source in order to produce an equal amount
of work.
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Refrigerators and Heat Pumps

In a refrigerator or heat pump, the engine absorbs energy Qc from a cold reservoir and expels
energy Qh to a hot reservoir. This can be done only if work is done on the engine. The schematic
of a refrigerator is shown in figure (3).

Figure 3: Refrigerator Figure 4: Impossible Refrigerator

From the First Law of Thermodynamics, we can give the relation,

Qh = Qc +W (10)

The engine is known as a refrigerator or a heat pump depending on what is the focus.

• For a refrigerator, the focus is on removing the heat from a specific area. The household
refrigerator is an example of such engines. Heat is transferred from the food items kept
inside the refrigerator to the air in the kitchen.

• For a heat pump, the focus is on dumping heat to a specific area. An air source heat
pump absorbs heat from colder atmosphere and dumps it to the interior of the room.

The effectiveness or coefficient of performance COPcooling of a refrigerator is the ratio of the heat
removed from the cold reservoir to the work done by the working substance in a cycle. It is given
as,

COPcooling =
Qc

W
=

Qc

Qh −Qc

(11)

The effectiveness or coefficient of performance COPheating of a heat pump is the ratio of the heat
dumped to the hot reservoir to the work done to the engine on the working substance cycle. It is
given as,

COPheating =
Qh

W
=

Qh

Qh −Qc

(12)
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For a refrigerator or heat pump to have high effectiveness, the work done W has to be as minimum
as possible. For a perfect refrigerator or heat pump, there shouldn’t be any work done on the engine
i.e W = 0. In reality there is no such refrigerator or heat pump. So, the refrigerator shown in
figure (4), though perfect, is impossible to construct.
This leads us to the Clausius statement of the Second Law of Thermodynamics,

Statement I It is impossible to design a device which works on a cycle and produce no other
effect other than heat transfer from a cold body to a hot body.

Energy cannot flow spontaneously from a cold object to a hot object.

Carnot Engine

In 1824, a French engineer named Sadi Carnot described a theoretical engine which worked on a
ideal reversible cycle called the Carnot Cycle between two energy reservoirs. The engine working
along this cycle is the most efficient engine possible. Carnot’s theorem can be stated as,

No real heat engine operating between two energy reservoirs can be more efficient than
a Carnot engine operating between the same two reservoirs.

A Carnot cycle is defined as an ideal reversible closed thermodynamic cycle in which there are
four successive operations involved, which are isothermal expansion, adiabatic expansion,
isothermal compression and adiabatic compression. During these operations, the expansion
and compression of substance can be done up to the desired point and back to the initial state.
The four processes of the Carnot cycle are shown in figure (5).

(A) Isothermal Expansion (B) Adiabatic Exapnsion

(C) Isothermal Compression (D) Adiabatic Compression

Figure 5: Carnot Cycle
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1. In (A), the process is reversible isothermal expansion. In this process, heat Qh is absorbed
by the gas from the hot reservoir at temperature Th. The gas expands and does work on
the surroundings. The work done is given as,

WAB = Qh = nRTh ln

(
VB
VA

)
(13)

2. In (B), the process is reversible adiabatic expansion. In this process, the system is thermally
insulated, and the gas continues to expand and work is done on the surroundings. The
temperature decreases to Tc. The work done is given as,

WBC =
nR

γ − 1
(TB − TC) =

nR

γ − 1
(Th − Tc) (14)

3. In (C), the process is reversible isothermal compression. In this work is done on the gas
by the surroundings and it compresses. The gas gives heat Qc to the cold reservoir at
temperature Tc. The work done is given as,

WCD = Qc = −nRTc ln

(
VD
VC

)
= nRTc ln

(
VC
VD

)
(15)

4. In (D), the process is reversible adiabatic compression. In this process, the system is ther-
mally insulated, and the surroundings continue to work on the gas and it compresses. The
temperature increases to Th. The work done is given as,

WDA = − nR

γ − 1
(TD − TA) =

nR

γ − 1
(TA − TD) =

nR

γ − 1
(Th − Tc) (16)

The pV and TS indicator diagrams for the above processes is given in the figure (6),

(a) pV Diagram (b) TS Diagram

Figure 6: Carnot Cycle
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The total work done by the gas on the surroundings in one complete cycle is given by,

W = WAB +WBC −WCD −WDA

W = nRTh ln

(
VB
VA

)
+

nR

γ − 1
(Th − Tc) − nRTc ln

(
VC
VD

)
− nR

γ − 1
(Th − Tc)

W = nRTh ln

(
VB
VA

)
− nRTc ln

(
VC
VD

)
= Qh −Qc (17)

Equation (9) gives the thermal efficiency of an heat engine. The thermal efficiency ηcarnot of a
Carnot engine is defined as the ratio of the net work done by the engine in one cycle to the energy
absorbed from the higher-temperature source in one cycle. It is given as,

ηcarnot =
W

Qh

=
Qh −Qc

Qh

= 1 − Qc

Qh

(18)

For adiabatic processes, TV γ−1 = constant. For the adiabatic processes BC and DA, the values
are given by equations (19a) and (19b) respectively,

ThV
γ−1
B = TcV

γ−1
C (19a)

ThV
γ−1
A = TcV

γ−1
D (19b)

Dividing equation (19a) by (19b) gives

VB
VA

=
VC
VD

(20)

Hence, net thermal efficiency is given as,

ηcarnot =
W

Qh

= 1 − Qc

Qh

ηcarnot = 1 −
nRTc ln VC

VD

nRTh ln VB
VA

(21)

Using equation (20) in equation (21), gives

ηcarnot = 1 − Qc

Qh

= 1 − Tc
Th

(22)

This result indicates that all Carnot engines operating between the same two tempera-
tures have the same efficiency. Hence, all real engines operating between two reservoirs are
less efficient than reversible engines (Carnot engine) operating between the same two reservoirs.

Second Law of Thermodynamics

The First Law of Thermodynamics gives information about the quantity of energy transfer in a
thermodynamic process but doesn’t provide information about the direction of energy transfer
and the quality of the energy. It states that there will be an energy balance if the process occurs.
Second Law of Thermodynamics provides the criteria required for the feasibility of a process. It
is to be noted that, a process cannot occur unless it satisfies both the first and second
laws of thermodynamics.
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The different statements of the second law are given in Statement I, Statement II and State-
ment III. They are,
Claussius statement says,

It is impossible to design a device which works on a cycle and produce no other effect
other than heat transfer from a cold body to a hot body.

Kelvin-Planck statement says,

It is impossible to construct a heat engine which operates on a cycle and produces
no other effect than the transfer of heat from a source in order to produce an equal
amount of work.

Entropy statement says,

The entropy of a closed system and the entire universe never decreases.

The Claussius statement and the Kelvin-Planck statement at first looks contradictory but they
are not. To prove the equivalence of the Kelvin and Clausius statements, let’s show that if one
statement is false, it necessarily follows that the other statement is also false.
Let us first assume that the Clausius statement is false, so that the perfect refrigerator of figure
(4) does exist. The refrigerator removes heat Q from a cold reservoir at a temperature Tc and
transfers all of it to a hot reservoir at a temperature Th. Now consider a real heat engine working
in the same temperature range. It extracts heat Q+∆Q from the hot reservoir, does work W , and
discards heat Q to the cold reservoir. From the first law, these quantities are related as, W = ∆Q.
Suppose these two devices are combined as shown in figure (7).

Figure 7: Combining a Perfect Refrigerator and a Real Heat Engine

The net heat removed from the hot reservoir is ∆Q, no net heat transfer occurs to or from the
cold reservoir, and work W is done on some external body. Since W = ∆Q, the combination of
a perfect refrigerator and a real heat engine is itself a perfect heat engine, thereby contradicting
the Kelvin statement. Thus, if the Clausius statement is false, the Kelvin statement must also be
false.
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