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Projectile Motion

When a body is thrown obliquely to the surface, it moves in a curved path. Such a body is called
a projectile and its motion is called as projectile motion.
To analyze its motion, we make two assumptions:

i. The free-fall acceleration g is constant over the range of motion and is directed downward.

ii. The effect of air resistance is negligible.

With these assumptions, we find that the path of a projectile, which we call its trajectory, is
always parabolic in nature. The reference frame is chosen such that the y direction is vertically
upward and the projectile is projected with velocity u as shown in figure (1).

Figure 1: Projectile Motion
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As air resistance is neglected, the components of acceleration in the y direction and x direction
are respectively given as,

ay = −g (1)

ax = 0 (2)

The projectile leaves the origin making an angle θ with the horizontal. This angle is called the
angle of projection. The components of velocity are given as,

uy = u sin θ (3)

ux = u cos θ (4)

As horizontal component of the acceleration, ax = 0, the horizontal component of velocity can be
written using the equations of kinematics as,

vx = ux + axt = ux

vx = u cos θ (5)

and the horizontal component of displacement is given as,

x = uxt+
1

2
axt

2 = uxt

x = ut cos θ (6)

The x component of the velocity remains constant as the particle moves.
As vertical component of the acceleration, ay = -g, the vertical component of velocity can be
written using the equations of kinematics as,

vy = uy + ayt = uy − gt

vy = u sin θ − gt (7)

and the vertical component of displacement is given as,

y = uyt+
1

2
ayt

2 = uyt−
1

2
gt2

y = ut sin θ − 1

2
gt2 (8)

Using equation (6) in equation (8), we get

y = u
( x

u cos θ

)
sin θ − 1

2
g
( x

u cos θ

)2

y = (tan θ)x−
( g

2u2 cos2 θ

)
x2 (9)

The equation is of the form,

y = ax− bx2

This represents the equation of a parabola that passes through the origin. Hence, the trajectory of
a projectile is that of a parabola. This equation is valid for launch angles in the range 0 ≤ θ ≤ π

2
.
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The motion of a particle can be considered as the superposition of the term ut , the displacement
if no acceleration were present, and the term 1

2
gt2, which arises from the acceleration due to

gravity.
If there were no gravitational acceleration, the particle would continue to move along a straight
path in the direction of u .
Therefore, the vertical distance 1

2
gt2 through which the particle “falls” off the straight-line path

is the same distance that a freely falling body would fall during the same time interval.
Hence, projectile motion is the superposition of two motions:

i. constant velocity motion in the horizontal direction.

ii. free fall motion in the vertical direction.

Except for the time of flight, the horizontal and vertical components of a projectile’s motion are
completely independent of each other.

Time of Flight

The vertical motion of the projectile is given by equation (8). As the projectile reaches back to
the horizontal surface from where it was launched, the y coordinate becomes, y = 0. Hence, we
get

ut sin θ − 1

2
gt2 = 0

t

(
u sin θ − 1

2
gt

)
= 0 (10)

Hence, either t = 0 or t = 2u sin θ
g

.

t = 0 corresponds to the initial position. Hence, the time taken by the projectile is

T =
2u sin θ

g
(11)

Equation (11) gives the time of flight of a projectile.

Range of Flight

The horizontal motion of the projectile is given by equation (6). The total horizontal distance
travelled by the projectile is called the horizontal range or simply Range (R) of the projectile.
Hence, we get

R = (u cos θ)

(
2u sin θ

g

)
R =

2u2 sin θ cos θ

g

R =
u2 sin 2θ

g
(12)

Equation (12) gives the range of flight of a projectile. The maximum range is achieved for
θ = 450.
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Maximum Height Reached

Equation (7) gives the vertical component of the velocity of the projectile. At the maximum height
of the trajectory, the vertical component of the velocity, vy = 0. Hence we get,

u sin θ − gt = 0

t =
u sin θ

g
(13)

The maximum height H is given by equation (8) as,

H = ut sin θ − 1

2
gt2 (14)

Using equation (13) in the above equation, we get

H = (u sin θ)

(
u sin θ

g

)
− 1

2
g

(
u sin θ

g

)2

H =
u2 sin2 θ

2g
(15)

Equation (15) gives the maximum height reached by a projectile and equation (13) gives the
time taken in reaching the maximum height.

Dependence of Maximum Height on Angle of Projection

Figure (2) shows various trajectories for a projec-
tile having the same initial speed but projected
at different angles.
The maximum range is achieved for θ = 450.
In addition, for any angle other than 450, a point
on the horizontal plane can be reached by using
either one of two complementary values of θ (such
as 600 and 300).
The maximum height and time of flight for one of
these values of θ are different from the maximum
height and time of flight for the complementary
value of θ.

Figure 2: Height vs Angle of Projection
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