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Inferential Statistics 
Hypothesis Testing 

An assumption (or guess) about unknown properties of populations, either about their parameters or about 
their distribution is called as statistical hypothesis. 

It is a proposition or a set of proposition set forth as an explanation for the occurrence of some specified 
group of phenomena either asserted merely as a provisional conjecture to guide some investigation or 
accepted as highly probable in the light of established facts.  

Characteristics of Hypothesis 

Hypothesis must possess the following characteristics (as per Research Methodology Methods and 
Techniques by C R Kothari), 

a. Hypothesis should be clear and precise. If the hypothesis is not clear and precise, the inferences 
drawn on its basis cannot be taken as reliable. 

b. Hypothesis should be capable of being tested. In a swamp of untestable hypotheses, many a time the 
research programmes have bogged down. Some prior study may be done by researcher in order to 
make hypothesis a testable one. A hypothesis “is testable if other deductions can be made from it 
which, in turn, can be confirmed or disproved by observation.” 

c. Hypothesis should state relationship between variables, if it happens to be a relational hypothesis.  

d. Hypothesis should be limited in scope and must be specific. A researcher must remember that 
narrower hypotheses are generally more testable and he should develop such hypotheses.  

e. Hypothesis should be stated as far as possible in most simple terms so that the same is easily 
understandable by all concerned. But one must remember that simplicity of hypothesis has nothing 
to do with its significance.  

f. Hypothesis should be consistent with most known facts i.e., it must be consistent with a substantial 
body of established facts. In other words, it should be one which judges accept as being the most 
likely.  

g. Hypothesis should be amenable to testing within a reasonable time. One should not use even an 
excellent hypothesis, if the same cannot be tested in reasonable time for one cannot spend a life-
time collecting data to test it.  

h. Hypothesis must explain the facts that gave rise to the need for explanation. This means that by 
using the hypothesis plus other known and accepted generalizations, one should be able to deduce 
the original problem condition. Thus hypothesis must actually explain what it claims to explain; it 
should have empirical reference. 

In every hypothesis-testing problem, there is a pair of competing statistical hypotheses; the null hypothesis 
and the alternative hypothesis (or research hypothesis). 

The null hypothesis, H0, is the hypothesis to be tested and is a statement of equality. Let there be a 
parameter θ on which the test is to be conducted. The null hypothesis will state that it is equal to a specific 
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constant value, θ0. The null hypothesis is hence also called as no-difference hypothesis or the null-
difference hypothesis as it proposes no difference between θ and θ0. It can be represented as, 

The set of alternatives to the null hypothesis is referred to as the alternative hypothesis. It is denoted by Ha. 
The alternative hypothesis can be of the form, 

If Ha: θ ≠ θ0 i.e. where the value of the parameter is not equal to the constant value, the alternative 
hypothesis gives that the result is possible on either side of θ0 as it deals with differences from θ0 on 
either side of θ0. Such hypothesis is called as nondirectional alternative. A hypothesis test based on 
this form is called a two-tailed test. 

If Ha: θ < θ0 i.e. where the value of the parameter is less than the constant value, the alternative 
hypothesis gives that the result is possible on the lesser side of θ0 . As it deals with differences from 
θ0 on the left side of θ0, such hypothesis is called as left directional alternative or lesser than 
directional alternative. A hypothesis test based on this form is called a left-tailed test. 

If Ha: θ > θ0 i.e. where the value of the parameter is greater than the constant value, the alternative 
hypothesis gives that the result is possible on the greater side of θ0 . As it deals with differences from 
θ0 on the right side of θ0, such hypothesis is called as right directional alternative or greater than 
directional alternative. A hypothesis test based on this form is called a right-tailed test. 

   The above two hypothesis tests are called the one-tailed test. 

If the sample data are consistent with the null hypothesis i.e. let’s say the obtained value θ̂  from the 
hypothesis test is equal to θ0, the null hypothesis is accepted and the alternate hypothesis is rejected. 

If the sample data are not consistent with the null hypothesis i.e. let’s say the obtained value θ̂  from the 
hypothesis test differ from θ0, the null hypothesis is rejected and the alternate hypothesis is accepted. 

The statistic used as a basis for deciding whether the null hypothesis should be rejected is called as Test 
Statistic. e.g. z-value, t-value, p-value, f-value, χ2-
value, etc. 

The set of values for which the test statistic leads to 
rejection of null hypothesis is called as Rejection 
Region. 

For a left-tailed test, the null hypothesis is rejected 
only when the test statistic is too small. For a right-
tailed test, the null hypothesis is rejected only when 
the test statistic is too large. For a two-tailed test, the null hypothesis is rejected when the test statistic is 
either too small or too large. 
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The set of values for which the test statistic leads to non-rejection of null hypothesis is called as Non-
Rejection Region. 

The values of the test statistic that separate the rejection and the non-rejection region are called the Critical 
Values. A critical value is considered part of the rejection region. 

Type I & Type II Errors 

A hypothesis test concludes with: Either the Null Hypothesis, H0, is accepted or rejected. This inference 
about the entire population is based on partial information obtained from a sample. This can always lead to 
an incorrect decision. 

The possible outcomes of the test are 

i. Incorrect Decision: Null Hypothesis, H0, is actually true but is rejected. This error is called a Type I 
Error. 

ii. Correct Decision: Null Hypothesis, H0, is false and is rejected. 

iii. Correct Decision: Null Hypothesis, H0, is true and is accepted. 

iv. Incorrect Decision: Null Hypothesis, H0, is actually false but is accepted. This error is called a Type II 
Error. 

It can be summarised as, 

A Type I error occurs if the test statistic falls in the rejection region when in fact the null hypothesis is true. 
The probability of that happening, the Type I Error Probability, is commonly called as Significance Level 
of the hypothesis test and is denoted by α. 

A Type II error occurs if the test statistic falls in the non-rejection region when in fact the null hypothesis is 
false. The probability of that happening, the Type II Error Probability, is denoted by β. 

We can design a hypothesis test to have any specified significance level. Care should be taken that the errors 
are minimum. 

When the null hypothesis is rejected in a hypothesis test performed at significance level α, it is said that “the 
test results are statistically significant at the α level”.  
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Parametric Tests 

Hypothesis Testing for One Population Mean 
Confidence Interval for One Population Mean 

If the population is small, the mean µ can be determined by taking a census and then computing the mean 
from the population data. But if the population is large, taking a census is generally impractical, expensive or 
impossible. In such cases we usually take a representing sample from the population and find a sufficiently 
accurate information about the mean (x̅). 

An estimate of this kind in which a single number or a point represents the data is called as point estimate. 
A point estimate of a parameter is the value of a statistic used to estimate the parameter. 

The sample mean is not equal to the population mean and some sampling error is anticipated. Hence, there is 
a requirement that along with the point estimate for mean, the accuracy of the estimate should also be 
provided. This is known as the confidence-interval estimate. It consists of an interval of numbers obtained 
from the point estimate of the parameter and a percentage that specifies how confident we are that the 
parameter lies in the interval. The confidence percentage is called the confidence level. 

The confidence level or reliability is the expected percentage of times that the actual value will fall within 
the stated precision limits. Thus, if we take a confidence level of 95%, then we mean that there are 95 
chances in 100 (or .95 in 1) that the sample results represent the true condition of the population within a 
specified precision range against 5 chances in 100 (or .05 in 1) that it does not.  

Precision is the range within which the answer may vary and still be acceptable; confidence level indicates 
the likelihood that the answer will fall within that range, and the significance level indicates the likelihood 
that the answer will fall outside that range.  

If the confidence level is 95%, then the significance level will be (100 – 95) i.e., 5%. The area of normal 
curve within precision limits for the specified confidence level constitute the acceptance region and the area 
of the curve outside these limits in either direction constitutes the rejection regions.  

The confidence interval will get wider with the following situations: 

• Higher variability in the sample 

• Higher confidence required 

• Smaller sample sizes 

One such distribution with 95% confidence level is 
shown in the figure. 

The 90%, 95% and 99% confidence intervals are 
the most commonly used intervals but any level of 
confidence interval can be used. The goal is to 
achieve an optimal balance between the level of 
confidence and the precision of the interval estimate. 
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Confidence Intervals When the Population Standard Deviation (σ) is Known 

A normally distributed variable having mean 0 and standard deviation 1 is said to have the standard normal 
distribution. The curve associated to such distribution is called as standard normal curve.  

For the variable x̅ (sample mean) of such sample, a new variable z can be obtained as, 

where, µ, σ and n are the mean, standard deviation and the size of the sample of the distribution respectively. 

The variable z is called the standardised version of x̅, the standardised variable corresponding to the 
variable x̅, standard score or simply the z-score. A negative z-score indicates that the observation is less 
than the mean and vice-versa. 

The confidence level is often represented in the form 1 - α, where α is a number between 0 and 1 and is 
known as the significance level. If the confidence level is expressed as a decimal, the significance level, α, is 
obtained by subtracting the confidence level from 1 i.e. if confidence level is 95% or 0.95, α is 0.05. 

The symbol zα is used to denote the z-score that has area α to its right under the standard normal curve. For 
example z0.1 denotes the z-score that has area 0.1 to its right.  

Procedure to find Confidence Intervals:  

i. Select the confidence level. 

ii. Find the value of significance level, α. 

iii. Use the z-table to find the value of zα/2. 

iv. Find the error for sample size n,  

v. The confidence interval for mean µ is given 
as, 

For small samples, less than 15, the method should be used only when the variable under consideration is 
normally distributed or very close to being so.  

For moderate samples, i.e. 15-30, the method can be used only if there are no outliers in the data and the 
variable under consideration is normally distributed or very close to being so.  

The z-interval method can be used without restriction for large samples i.e. sample sizes larger than 30. If 
outliers are present and their removal is justified and has no significant effect on the confidence interval 
then the method can be used. But if the removal of outliers is not justified, then another method should be 
used. 

* An outlier is an observation that is distant from other values in a random sample from a population.  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Example:   (Example 14.7, Elements of Statistics II: Inferential Statistics; Schaum’s Outlines) 

Four random samples of varying size are taken from a population. Lets say that the sample mean 
remains constant at 14.3 for all four samples and the standard deviation is 1.5. Find the effect on the 
95% confidence interval if sample sizes are 9, 36 and 900. 

The value of confidence level is 0.95. 

The value of α is 1 - 0.95 = 0.05 

Hence the value of α/2 is 0.05/2 = 0.025 

To find the value of zα/2, there are two ways, 

If the z-table is based on significance level α (as shown in the figure) 

 

Find the value of 1 - α/2. In this case it is 1 - 0.025 = 0.9750. Search the value 0.9750 in the table. We 
find that it corresponds to the row 1.9 and column 0.06. Hence, the value of z is 1.96. 

If the z-table is based on confidence level (as shown in the figure) 

 

Find the value of half of confidence level. In this case it is 0.95/2 = 0.4750. Search the value 0.4750 in 
the table. We find that it corresponds to the row 1.9 and column 0.06. Hence, the value of z is 1.96. 

The value of standard deviation σ is 1.5 

The value of mean x̅ is 14.3 

Hence for n = 9, we get 

Hence for n = 36, we get 

Hence for n = 900, we get 

This demonstrates that for a given confidence level with known standard deviation, the confidence-interval 
estimate can be made more precise by increasing the sample size.  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For a fixed sample size, the decrease in 
confidence level improves the precision 
and vice versa i.e. if the length of the 
confidence level is decreased, the length of 
the confidence interval decreases and one 
can improve his/her precision in telling the 
position of the mean the said interval as 
lesser number of data points are involved in 
the said interval. 

The term # gives the standard 
deviation of the variable x̅. It determines 
the sampling error to be expected when a population is estimated by a sample mean. It is called the 
standard error of the sample mean. 

The precision of the estimate is determined by the quantity e, given by 

This quantity is called the margin of error  or maximum error of the estimate. It is said so because at 
the specified level of confidence, the error in estimating the mean of the variable is at most  

The length of a confidence interval for a population mean, µ, and the hence the precision with which 
the mean is estimated is determined by the margin of error, e. For a given confidence level, increase in 
sample size improves the precision and vice versa. 

The sample size required for (1-α) level confidence interval for mean, µ, with a specified margin of 
error, e, is given by (rounded up to the nearest whole number), 

Confidence Intervals When the Population Standard Deviation (σ) is Not Known 

For large samples, even if the population standard deviation (σ) is not known, the sample standard deviation  
(s) can approximate as the population standard deviation. 

In case of small samples (n<30) if the population standard deviation is not known, the z-score method can’t 
be used. We define a new variable, 

This variable is called the studentized version of x. 

The studentized version of x̅ does not have a normal distribution. The t-distribution is different for each 
sample size. Any particular t-distribution can be identified by giving its degrees of freedom (d.f.). For the 
studentized version of x̅, the number of degrees of freedom is 1 less than the sample size. Hence,  

σ n
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The properties of t-curves are 

The total area under a t-curve equals 1. 

A t-curve extends indefinitely in both directions, approaches, but never touches the horizontal axis. 

A t-curve is symmetric about the origin. 

As the number of degrees of freedom becomes larger, t-curves look increasingly like the standard 
normal curve. 

Procedure to find Confidence Intervals:  

i. Select the confidence level. 

ii. Find the value of significance level, α. 

iii. Use the t-table to find the value of tα/2. 

iv. Find the error for sample size n,  

v. The confidence interval for mean µ is given as, 

Example: (Example 14.12, Elements of Statistics II: Inferential Statistics; Schaum’s Outlines) 

A random sample of size n = 16 is taken from a normally distributed population with unknown 
population standard deviation.  If the sample has a mean of 27.9 and standard deviation is 3.23, find 
the 95% confidence interval. 

The value of confidence level is 0.95. 

The value of α is 1 - 0.95 = 0.05 

Hence the value of α/2 is 0.05/2 = 0.025 

The degree of freedom is d.f. = n - 1 = 16 - 1 =15 
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To find the value of tα/2, we look up the t-table based on significance level α and degrees of freedom d.f. (as 
shown in the figure) 

Hence for, α/2 = 0.025 and d.f. = 15, we find the value 2.131 (corresponding to row titled 15 and column 
titled 0.025) 

The value of standard deviation s is 3.23 

The value of mean x̅ is 27.9 

Hence for n = 16, we get 

 

William Sealy Gosset (1876 - 1937) was a British Statistician who worked for 
the Guinness Brewery in Dublin, Ireland. While doing quality control research 
for the brewery, he recognised the need for small-sample statistical inferences. 
As, the brewery had a policy that prohibited publication of employee research. 
Hence, he secretly published his discovery of the t-distribution in a 1908 paper 
under the pen name, “Student”. It is for this reason that the t-distribution is 
called Student's t-distribution. 

Source: Elements of Statistics II: Inferential Statistics; Schaum’s Outlines 

Hypothesis Testing When the Population Standard Deviation (σ) is Known 

z-Test 

To perform a z-value hypothesis test for a population mean (µ), the following procedure is used 

i. Select the null hypothesis H0 : µ = µ0 and alternative hypothesis Ha : µ < µ0 or Ha : µ > µ0 or        
Ha : µ ≠ µ0. 

ii. Decide the value of significance level, α. 

iii. Compute the value of the test statistic,  

iv. Use z table to find the critical value(s) for the test. They are ±zα/2 for two-tailed test or -zα for left-
tailed test or zα for right-tailed test. 

v. If the value of the test statistic falls in the rejection region, reject H0 otherwise do not reject H0. 

vi. Interpret the result of the hypothesis test. 
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Example: (Based on Example 9.7, Introductory Statistics by Neil Weiss; Pearson Education) 

In 2017, the mean retail price of all household items was ₹51.57. This year’s retail price (in rupees) of 
the household items are given as follows, 

At the 1% significance level, do the data provide sufficient evidence to conclude that this year's mean 
retail price of all household items has increased from last years price? Assume that the standard 
deviation of prices for this year’s household items is ₹7.72. 

Let µ be this year’s mean retail price of all household items. 

The null and alternate hypotheses are given as, 

H0 : µ = ₹51.57  (mean price has not increased) 

Ha : µ > ₹51.57  (mean price has increased) 

The significance level is given as α = 0.01 

The standard deviation of the population is σ = ₹7.72 

The mean of the sample is x̅ = ₹54.95 

The value of z-statistic is, 

Now since α = 0.01 and the critical value is zα as its a right tailed test. On searching 1 - α = 0.99 in the z-
table, we get the critical value to be 2.33. 

As 2.77 lies to the right of the critical value 2.33, it lies in the rejection region. Hence, we reject the null 
hypothesis H0. The test results are statistically significant at the 1% level. 

At 1% significance level, the data provide sufficient evidence to conclude that this year’s mean retail price of 
all household items has increased from the year 2017 mean of ₹51.57. 

Example: (Example 9.8, Introductory Statistics by Neil Weiss; Pearson Education) 

According to the Food and Nutrition Board of the National Academy of Sciences, the recommended 
daily allowance of Calcium for adults is 800 mg. A simple random sample of 18 people with incomes 
below the poverty level gives the daily calcium intake as shown below, 

At the 5% significance level, do the data provide sufficient evidence to conclude that the mean calcium 
intake of all people with incomes below the poverty level is less than the recommended daily allowance 
of 800 mg? Assume that the standard deviation of calcium intake is 188 mg. 
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Let µ be this year’s mean retail price of all household items. 

The null and alternate hypotheses are given as, 

H0 : µ = 800mg  (mean calcium intake is not less than the recommended daily allowance) 

Ha : µ < 800mg  (mean calcium intake is less than the recommended daily allowance) 

The significance level is given as α = 0.05 

The standard deviation of the population is σ = 188 mg 

The mean of the sample is x̅ = 747.39 mg 

The value of z-statistic is, 

Now since α = 0.05 and the critical value is -zα as its a left tailed test. On searching 0.05 in the z-table, we get 
the critical value to be -1.65. 

As -1.19 lies to the right of the critical value -1.65, it lies in the non-rejection region. Hence, we don’t reject 
the null hypothesis H0. The test results are not statistically significant at the 5% level. 

At 5% significance level, the data do not provide sufficient evidence to conclude that mean calcium intake of 
all people with incomes below the poverty level is less than the recommended daily allowance. 

Example: (Based on Example 9.9, Introductory Statistics by Neil Weiss; Pearson Education) 

A manufacturer of motorcycles has given the mean top speed of one of their brand of motorcycle to be 
60 kmph. A simple random sample of the speed of 35 motorcycles clocked on a motorway are as shown 
below, 

At the 5% significance level, do the data provide sufficient evidence to conclude that the mean top 
speed of all motorcycles differ from 60 kmph? Assume that the population standard deviation of top 
speeds is 2.9 kmph. 

Let µ be this year’s mean retail price of all household items. 

The null and alternate hypotheses are given as, 

H0 : µ = 60 kmph  (mean top speed of the motorcycles is 60 kmph) 

Ha : µ ≠ 60 kmph  (mean top speed of the motorcycles is not 60 kmph) 

The significance level is given as α = 0.05 

The standard deviation of the population is σ = 2.9 kmph 

The mean of the sample is x̅ = 59.57 kmph 
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The value of z-statistic is, 

Now since α = 0.05 and the critical value is ±zα/2 as its a two tailed test. On searching 1- α/2 = 1 - 0.05/2 = 
0.9750 in the z-table, we get the critical value to be ±1.96. 

As -0.87 lies to the right of the critical value -1.95, it lies in the non-rejection region. Hence, we don’t reject 
the null hypothesis H0. The test results are not statistically significant at the 5% level. 

At 5% significance level, the data do not provide sufficient evidence to conclude that mean top speed of the 
motorcycles differ from 60 kmph. 

If  a histogram is plotted for the above data, it 
can be seen that the data point 75.5 is an 
outlier. The outlier is removed and the problem 
is solved again. 

The value of z-statistic is now, 

It is seen, in this problem, that the removal of outlier doesn’t affect the conclusion of the hypothesis test. 
Hence it can be accepted that the mean top speed of the motorcycles is roughly 60 kmph. 

P-value Test for z-scores 

The previous method of z-test is also called the critical value approach to hypothesis testing. 

The P-value approach to hypothesis testing uses the conditional probability of observing a test statistic 
value at as extreme as the one calculated from the sample given that the null hypothesis is true. By 
“extreme”, it is meant that a value should be obtained which is far from the expected value if null hypothesis 
was true. 

To perform a P-value hypothesis test for a population mean (µ), the following procedure is used 

i. Select the null hypothesis H0 : µ = µ0 and alternative hypothesis Ha : µ < µ0 or Ha : µ > µ0 or        
Ha : µ ≠ µ0. 

ii. Decide the value of significance level, α. 

iii. Compute the value of the test statistic,  

iv. Use z table to find the P value(s) for the test. 

a. For a left tailed test, the P-value is the probability of observing a value of the test statistic z 
as small as or smaller than the value actually observed, which is the area under the standard 
normal curve that lies to the left of z0. 

!ভািশষ চD Page #  of #14 77

z = x − µ0
σ n

= 59.57 − 60
2.9 35

= −0.87

Plotted on wessa.net

z = x − µ0
σ n

= 59.1− 60
2.9 34

= −1.81

z0 =
x − µ0
σ n



b. For a right tailed test, the P-value is the probability of observing a value of the test statistic z 
as large as or larger than the value actually observed, which is the area under the standard 
normal curve that lies to the right of z0. 

c. For a two tailed test, the P-value is the probability of observing a value of the test statistic z 
as large as or larger than the value actually observed, which is the area under the standard 
normal curve that lies outside the interval from  -|z0| to |z0|. 

v. If P ≤ α, reject H0 otherwise do not reject H0. 

The actual value of P can be found using MS-Excel. The syntax of the formula is, 

TDIST(“t-value”, “Degrees of Freedom”, “Number of Tails”) For Left and Right Tailed tests, 
“Number of Tails” is 1. For Two-Tailed tests, it is 2. 

vi. Interpret the result of the hypothesis test. 

Example: 

1. For the problem on the mean retail price of all household items of this year being equal to the mean 
price of  ₹51.57 as in the year 2017, the value of z is 2.77. As its a right tailed test, the P-value for this 
test is the probability of observing a value of z of 2.77 or greater if null hypothesis is true. That 
probability equals the area under the standard normal curve to the right of 2.77.  

From the z-table the area under the normal curve corresponding to 2.77 is found to be 0.0028. Hence, 
the P-value of this hypothesis test is 1 - 0.9972 = 0.0028. 

The value of P = 0.0028 is less than α = 0.01. 

Hence, the null hypothesis that mean retail price of all household items this year is equal to the mean 
price of  ₹51.57 as in the year 2017 should not be accepted. 

2. For the problem on mean calcium intake of all people with incomes below the poverty level is less than 
the recommended daily allowance of 800 mg, the value of z is -1.19. As its a left tailed test, the P-value 
for this test is the probability of observing a value of z of -1.19 or lesser if null hypothesis is true. That 
probability equals the area under the standard normal curve to the left of -1.19.  
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From the z-table the area under the normal curve corresponding to -1.19 is found to be 0.1170. Hence, 
the P-value of this hypothesis test is 0.1170. 

The value of P = 0.1170 is more than α = 0.05. 

Hence, the null hypothesis that mean calcium intake of all people with incomes below the poverty level 
is not less than the recommended daily allowance should not be rejected. 

3. For the problem on the mean top speed of one brand of motorcycle to be 60 kmph, the value of z is 
-0.87 if the outlier is considered. As its a two tailed test, the P-value for this test is the probability of 
observing a value of |z| of 0.87 or greater if null hypothesis is true. That probability equals the area 
under the standard normal curve to the left of -0.87 or to the right of 0.87.  

From the z-table the area under the normal curve corresponding to 0.87 is found to be 0.8078. Hence, 
the P-value of this hypothesis test is 2 × (1 - 0.8078) = 0.3844. 

The value of P = 0.3844 is more than α = 0.05. 

Hence, the null hypothesis that mean top speed of the motorcycles is 60 kmph should not be rejected. 

If the outlier is removed, the value of z is -1.81. Hence, from the z-table the area under the normal curve 
corresponding to z  = |1.81| is found to be 0.9649. Hence, the P-value of this hypothesis test is 2 × (1 - 
0.9649) = 0.0702. 

The value of P = 0.0702 is moderately more than α = 0.05. 

Hence, the null hypothesis that mean top speed of the motorcycles is 60 kmph should not be rejected. 

Hypothesis Testing When the Population Standard Deviation (σ) is not Known 

t-Test 

To perform a t-value hypothesis test for a population mean (µ), the following procedure is used 

i. Select the null hypothesis H0 : µ = µ0 and alternative hypothesis Ha : µ < µ0 or Ha : µ > µ0 or        
Ha : µ ≠ µ0. 

ii. Decide the value of significance level, α. 

iii. Compute the value of the test statistic,  

iv. Use t table to find the critical value(s) for the test with degree of freedom, d.f. = n - 1. They are ±tα/2 
for two-tailed test or -tα for left-tailed test or tα for right-tailed test. 

v. If the value of the test statistic falls in the rejection region, reject H0 otherwise do not reject H0. 

vi. Interpret the result of the hypothesis test. 
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To perform a P-value hypothesis test for a population mean (µ), the following procedure is used 

i. Select the null hypothesis H0 : µ = µ0 and alternative hypothesis Ha : µ < µ0 or Ha : µ > µ0 or        
Ha : µ ≠ µ0. 

ii. Decide the value of significance level, α. 

iii. Compute the value of the test statistic,  

iv. Use t table to find the P value(s) for the test. 

a. For a left tailed test, the P-value is the probability of observing a value of the test statistic t 
as small as or smaller than the value actually observed, which is the area under the standard 
normal curve that lies to the left of t0. 

b. For a right tailed test, the P-value is the probability of observing a value of the test statistic t 
as large as or larger than the value actually observed, which is the area under the standard 
normal curve that lies to the right of t0. 

c. For a two tailed test, the P-value is the probability of observing a value of the test statistic t 
as large as or larger than the value actually observed, which is the area under the standard 
normal curve that lies outside the interval from  -|t0| to |t0|. 

v. If P ≤ α, reject H0 otherwise do not reject H0. 

vi. Interpret the result of the hypothesis test. 

Example: (Example 9.17, Introductory Statistics by Neil Weiss; Pearson Education) 

A lake is classified as non-acidic if it has a pH greater than 6. The pH levels obtained from 15 lakes 
from the Southern Alps are as shown below, 

At the 5% significance level, do the data provide sufficient evidence to conclude that, on average, the 
lakes in the Southern Alps are non-acidic? 

Let µ be mean pH level of all lakes in the Southern Alps. 
The null and alternate hypotheses are given as, 

H0 : µ = 6 (mean pH level is not greater than 6) 

Ha : µ > 6 (mean pH level is greater than 6) 

The significance level is given as α = 0.05 

The degree of freedom is d.f. = n - 1 = 15 - 1 = 14 

The mean of the sample is x̅ = 6.6 

The standard deviation of the sample is s = 0.672 

The value of t-statistic is, 
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t0 =
x − µ0
s n

7.2 7.3 6.1 6.9 6.6 7.3 6.3 5.5 6.3 6.5 5.7 6.9 6.7 7.9 5.8

t = x − µ0
s n

= 6.6 − 6
0.672 15

= 3.458



Now, α = 0.05, d.f. = 14 and the critical value is tα as its a right tailed test. On searching for α = 0.05, d.f. = 
14 in the t-table, we get the critical value to be 1.761. 

As 3.458 lies to the right of the critical value 1.761, it lies in the rejection region. Hence, we reject the null 
hypothesis H0. The test results are statistically significant at the 5% level. 

At 5% significance level, the data provide sufficient evidence to conclude that lakes in the Southern Alps are 
non-acidic. 

If we use the P-value approach, being a right tailed test, the P-value for this test is the probability of 
observing a value of t of 3.458 or greater if null hypothesis is true. 

For d.f. = 14 in the t-table, 3.458 is to be found for α < 0.005. Hence, P < 0.005 which is less than the given 
α = 0.05. 

Hence, the null hypothesis is rejected. 

Example: (Based on Problem 9.89, Introductory Statistics by Neil Weiss; Pearson Education) 

The average amount spent on buying a pair of jeans from an e-tailer in India is ₹1860. The amount 
spent on buying a pair of jeans by 36 individuals of Nagpur from the same e-tailer are as shown below, 

At the 5% significance level, do the data provide sufficient evidence to conclude that, the mean 
amount spent by the individuals of Nagpur to buy a pair of jeans differed from the national average? 

Let µ be mean amount spent to buy a pair of jeans. 

The null and alternate hypotheses are given as, 

H0 : µ = ₹1860 (mean price to buy a pair of jeans is equal to the national avergae) 

Ha : µ ≠ ₹1860 (mean price to buy a pair of jeans is not equal to the national avergae) 

The significance level is given as α = 0.05 

The degree of freedom is d.f. = n - 1 = 36 - 1 = 35 

The mean of the sample is x̅ = 1791.39 

The standard deviation of the sample is s = 347.37 

The value of t-statistic is, 

Now, α = 0.05, d.f. = 35 and the critical value is ±tα/2 as its a two tailed test. On searching for α/2 = 0.025, d.f. 
= 35 in the t-table, we get the critical value to be ±2.030. 

As -1.169 lies to the right of the critical value -2.030, it lies in the non-rejection region. Hence, we don’t 
reject the null hypothesis H0. The test results are not statistically significant at the 5% level. 
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At 5% significance level, the data do not provide sufficient evidence to conclude that the average amount 
spent by the individuals of Nagpur in buying a pair of jeans differ from that of the national average. 

If we use the P-value approach, being a two tailed test, the P-value for this test is the probability of 
observing a value of |t| of 1.169 or greater if null hypothesis is true. 

For d.f. = 35 in the t-table, 1.169 is to be found for α > 0.10. Hence, P > (2 × 0.10) i.e. P > 0.20 which is 
more than the given α = 0.05. 

Hence, the null hypothesis is not rejected. 

Example: (Problem 9.93, Introductory Statistics by Neil Weiss; Pearson Education) 

The Ankle Brachial Index (ABI) compares the blood pressure of a patient’s arm to the blood pressure 
of the patient’s leg. A healthy ABI is 0.9 or greater. The researchers obtained the ABI of 187 women 
with peripheral arterial disease. The results were a mean ABI of 0.64 with a standard deviation of 0.15 

At the 5% significance level, do the data provide sufficient evidence to conclude that, women with 
peripheral arterial disease have an unhealthy ABI? 

Let µ be mean ABI. 

The null and alternate hypotheses are given as, 

H0 : µ = 0.9 (mean ABI of women with peripheral arterial disease is 0.9 or greater) 

Ha : µ < 0.9 (mean ABI of women with peripheral arterial disease is less than 0.9) 

The significance level is given as α = 0.05 

The degree of freedom is d.f. = n - 1 = 187 - 1 = 186 

The mean of the sample is x̅ = 0.64 

The standard deviation of the sample is s = 0.15 

The value of t-statistic is, 

Now, α = 0.05, d.f. = 186 and the critical value is -tα as its a left tailed test. On searching for α = 0.05, d.f. = 
186 in the t-table, we get the critical value to be -1.653. 

As -23.703 lies to the left of the critical value -1.653, it lies in the rejection region. Hence, we reject the null 
hypothesis H0. The test results are statistically significant at the 5% level. 

At 5% significance level, the data provide sufficient evidence to conclude that women with peripheral 
arterial disease have an unhealthy ABI. 

If we use the P-value approach, being a left tailed test, the P-value for this test is the probability of observing 
a value of t of -23.703 or lesser if null hypothesis is true. 

For d.f. = 186 in the t-table, -23.703 is to be found for α < 0.005. Hence, P < 0.005 which is sufficiently less 
than the given α = 0.05. Hence, the null hypothesis is rejected. 
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t = x − µ0
s n

= 0.64 − 0.9
0.15 187

= −23.703



Hypothesis Testing for Two Population Mean 
Comparing Two Population Means using Independent Samples 

Independent samples are those samples in which samples selected from one of the population has no effect 
on the sample selected from the other population. To make statistical inference between two independent 
samples, using their means, the difference between the two sample means is used. The following notations 
are used, 

For finding the sampling distribution of the difference between two sample means, the following parameters 
are found, 

The z statistic can be found as, 

Hypothesis Testing When the Population Standard Deviations (σ1 and σ2) of Independent Samples are 
equal 

Pooled t-Test 

To perform a t-value hypothesis test for two population means (µ1 and µ2), the following procedure is used 

i. Select the null hypothesis H0 : µ1 = µ2 and alternative hypothesis Ha : µ1 < µ2 or Ha : µ1 > µ2 or        
Ha : µ1 ≠ µ2. 

ii. Decide the value of significance level, α. 

iii. Compute the value of the test statistic,  
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Population 1 Population 2

Population Mean µ1 µ2

Population Standard Deviation σ1 σ2

Sample Mean x̅1 x̅2

Sample Standard Deviation s1 s2

Sample Size n1 n2

µx1−x2
= µ1 − µ2

σ x1−x2
= σ 1

2

n1
+ σ 2

2

n2

z =
x1 − x2( )− µ1 − µ2( )

σ 1
2

n1
+ σ 2

2

n2

t = x1 − x2

sp 1
n1( )+ 1

n2( )



where, sp is the pooled sample standard deviation and is given by, 

iv. Use t table to find the critical value(s) for the test with degree of freedom, d.f. = n1 + n2 - 2.       
They are ±tα/2 for two-tailed test or -tα for left-tailed test or tα for right-tailed test. 

v. If the value of the test statistic falls in the rejection region, reject H0 otherwise do not reject H0. 

vi. Interpret the result of the hypothesis test. 

To perform a P-value hypothesis test for two population means (µ1 and µ2), the following procedure is used 

i. Follow Steps i. to iii. From above. 

ii. Use t table to find the P value(s) for the test. 

a. For a left tailed test, the P-value is the probability of observing a value of the test statistic t 
as small as or smaller than the value actually observed, which is the area under the standard 
normal curve that lies to the left of t0. 

b. For a right tailed test, the P-value is the probability of observing a value of the test statistic t 
as large as or larger than the value actually observed, which is the area under the standard 
normal curve that lies to the right of t0. 

c. For a two tailed test, the P-value is the probability of observing a value of the test statistic t 
as large as or larger than the value actually observed, which is the area under the standard 
normal curve that lies outside the interval from  -|t0| to |t0|. 

iii. If P ≤ α, reject H0 otherwise do not reject H0. 

iv. Interpret the result of the hypothesis test. 

Example: (Problem 10.19, Introductory Statistics by Neil Weiss; Pearson Education) 

Independent random samples of released prisoners in the fraud and firearms offences yielded the 
following information on time served, in months, as shown below, 

At the 5% significance level, do data provide sufficient evidence to conclude that, the mean time 
served for fraud is less than that for firearms offences? 

Let µ1 and µ2  be mean time served, in months, for fraud and firearms offences respectively. 

The null and alternate hypotheses are given as, 

H0 : µ1 = µ2 (mean time served, in months, for fraud and firearms offences are equal) 

Ha : µ1 < µ2 (mean time served, in months, for fraud is less than that for  firearms offences) 
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sp =
n1 −1( )s12 + n2 −1( )s22

n1 + n2 − 2

Fraud 3.6 17.9 5.3 5.9 10.7 7 8.5 13.9 11.8 16.6

Firerams 25.5 23.8 10.4 17.9 18.4 21.9 19.6 13.3 20.9 16.1



The significance level is given as α = 0.05 

The degree of freedom is d.f. = n1 + n2 - 2 = 10 + 10 - 2 = 18 

The mean of the sample for time served, in months, for fraud x̅1 = 10.12 

The mean of the sample for time served, in months, for firearms x̅2 = 18.78 

The standard deviation for time served, in months, for fraud s1 = 4.90 

The standard deviation for time served, in months, for fraud s2 = 4.64 

The pooled sample standard deviation sp =  

The value of t-statistic is, 

Now, α = 0.05, d.f. = 18 and the critical value is -tα as its a left tailed test. On searching for α = 0.05, d.f. = 18 
in the t-table, we get the critical value to be -1.734. 

As -4.059 lies to the left of the critical value -1.734, it lies in the rejection region. Hence, we reject the null 
hypothesis H0. The test results are statistically significant at the 5% level. 

At 5% significance level, the data provide sufficient evidence to conclude that the mean time served for 
fraud is less than that for firearms offences. 

If we use the P-value approach, being a left tailed test, the P-value for this test is the probability of observing 
a value of t of -4.059 or lesser if null hypothesis is true. 

For d.f. = 18 in the t-table, -4.509 is to be found for α < 0.005. Hence, P < 0.005 which is sufficiently less 
than the given α = 0.05. 

Hence, the null hypothesis is rejected. 

Example: (Problem 10.21, Introductory Statistics by Neil Weiss; Pearson Education) 

A study was done to determine the effect of fortified orange juice (with Vitamin D) on the 
concentration of parathyroid hormone (PTH). A double-blind experiment was performed in which 12 
subjects drank unfortified orange juice and 14 drank the fortified one. Concentration levels of PTH 
(in pg/ml) were measured in the beginning and at the end of 12 weeks. The decrease (negative 
indicates increase) in the PTH levels is given as follows, 

At the 5% significance level, do data provide sufficient evidence to conclude that, drinking fortified 
orange juice reduces PTH level more than drinking unfortified juice? 
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t = x1 − x2
sp 1 n1( )+ 1 n2( )

= 10.12 −18.78
4.77 i 1 10( )+ 1 10( )

= −4.059

sp =
n1 −1( )s12 + n2 −1( )s22

n1 + n2 − 2
=

10 −1( ) i 4.902 + 10 −1( ) i 4.642
10 +10 − 2

= 4.77

Fortified -7.7 11.2 65.8 -45.6 -4.8 26.4 55.9 -15.5 34.4 -5 -2.2 -20.1 -40.2 73.5

Unfortified 65.1 0 40 -48.8 15 8.8 13.5 -6.1 29.4 -20.5 -48.4 -28.7



Let µ1 and µ2  be mean change in PTH levels for fortified and unfortified juice respectively. 

The null and alternate hypotheses are given as, 

H0 : µ1 = µ2 (mean change in PTH levels for fortified and unfortified juice are equal) 

Ha : µ1 > µ2 (mean change in PTH levels reduces more for fortified juice than for unfortified juice) 

          (Reduction is positive in this example) 

The significance level is given as α = 0.05 

The degree of freedom is d.f. = n1 + n2 - 2 = 14 + 12 - 2 = 24 

The mean change in PTH levels due to fortified orange juice x̅1 = 9 pg/ml 

The mean change in PTH levels due to unfortified orange juice x̅2 = 1.61 pg/ml 

The standard deviation for change in PTH levels due to fortified orange juice s1 = 37.39 pg/ml 

The standard deviation for change in PTH levels due to unfortified orange juice s2 = 34.59 pg/ml 

The pooled sample standard deviation sp =  

The value of t-statistic is, 

Now, α = 0.05, d.f. = 24 and the critical value is tα as its a right tailed test. On searching for α = 0.05, d.f. = 
24 in the t-table, we get the critical value to be 1.711. 

As 0.520 lies to the left of the critical value 1.711, it lies in the non-rejection region. Hence, we don’t reject 
the null hypothesis H0. The test results are not statistically significant at the 5% level. 

At 5% significance level, the data don’t provide sufficient evidence to conclude that drinking fortified 
orange juice reduces PTH level more than drinking unfortified orange juice. 

If we use the P-value approach, being a right tailed test, the P-value for this test is the probability of 
observing a value of t of 0.520 or greater if null hypothesis is true. 

For d.f. = 24 in the t-table, 0.520 is to be found for α > 0.25. Hence, P > 0.25 which is greater than the 
given α = 0.05. 

Hence, the null hypothesis is not rejected. 
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sp =
n1 −1( )s12 + n2 −1( )s22

n1 + n2 − 2
=

14 −1( ) i 37.392 + 12 −1( ) i 34.592
14 +12 − 2

= 36.13

t = x1 − x2
sp 1 n1( )+ 1 n2( )

= 9 −1.61
36.13 i 1 14( )+ 1 12( )

= 0.520



Example: (Based on Problem 11 (Review Test Chapter 10), Introductory Statistics by Neil Weiss; Pearson Education) 

The average transportation cost for New Delhi and Mumbai (in rupees) are given as, 

At the 5% significance level, do data provide sufficient evidence to conclude that, average 
transportation cost for New Delhi and Mumbai are different? 

Let µ1 and µ2  be mean transportation cost in New Delhi and Mumbai respectively. 

The null and alternate hypotheses are given as, 

H0 : µ1 = µ2 (mean transportation cost in New Delhi and Mumbai are equal) 

Ha : µ1 ≠ µ2 (mean transportation cost in New Delhi and Mumbai are not equal) 

The significance level is given as α = 0.05 

The degree of freedom is d.f. = n1 + n2 - 2 = 10 + 10 - 2 = 18 

The mean transportation cost in New Delhi x̅1 = ₹2777.1 

The mean transportation cost in Mumbai x̅2 = ₹2771.6 

The standard deviation for mean transportation cost in New Delhi s1 = ₹812.36 

The standard deviation for mean transportation cost in Mumbai s2 = ₹833.06 

The pooled sample standard deviation sp =  

The value of t-statistic is, 

Now, α = 0.05, d.f. = 18 and the critical value is ±tα/2 as its a two tailed test. On searching for α/2 = 0.025, d.f. 
= 18 in the t-table, we get the critical value to be ±2.101. 

As 0.0149 lies to the left of the critical value 2.101, it lies in the non-rejection region. Hence, we don’t reject 
the null hypothesis H0. The test results are not statistically significant at the 5% level. 

At 5% significance level, the data do not provide sufficient evidence to conclude that the average 
transportation cost in New Delhi differ from that in Mumbai. 

If we use the P-value approach, being a two tailed test, the P-value for this test is the probability of 
observing a value of |t| of 0.0149 or greater if null hypothesis is true. 

For d.f. = 18 in the t-table, 0.0149 is to be found for α > 0.40. Hence, P > (2 × 0.40) i.e. P > 0.80 which is 
more than the given α = 0.05. 

Hence, the null hypothesis is not rejected. 
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New Delhi 2358 2095 2224 2501 4841 2461 2728 3401 2371 2791

Mumbai 2455 2488 2380 2356 3988 2125 2096 4439 3239 2150

sp =
n1 −1( )s12 + n2 −1( )s22

n1 + n2 − 2
=

10 −1( ) i 812.362 + 10 −1( ) i 833.062
10 +10 − 2

= 822.78

t = x1 − x2
sp 1 n1( )+ 1 n2( )

= 2777.1− 2771.6
822.78 i 1 10( )+ 1 10( )

= 0.0149



Hypothesis Testing When the Population Standard Deviations (σ1 and σ2) of Independent Samples are 
not equal 

Non-pooled t-Test 

To perform a t-value hypothesis test for two population means (µ1 and µ2), the following procedure is used 

i. Select the null hypothesis H0 : µ1 = µ2 and alternative hypothesis Ha : µ1 < µ2 or Ha : µ1 > µ2 or        
Ha : µ1 ≠ µ2. 

ii. Decide the value of significance level, α. 

iii. Compute the value of the test statistic,  

iv. Use t table to find the critical value(s) for the test with degree of freedom,  

       

           

          They are ±tα/2 for two-tailed test or -tα for left-tailed test or tα for right-tailed test. 

v. If the value of the test statistic falls in the rejection region, reject H0 otherwise do not reject H0. 

vi. Interpret the result of the hypothesis test. 

To perform a P-value hypothesis test for two population means (µ1 and µ2), the following procedure is used 

i. Follow Steps i. to iii. From above. 

ii. Use t table to find the P value(s) for the test using degrees of freedom d.f.. 

a. For a left tailed test, the P-value is the probability of observing a value of the test statistic t 
as small as or smaller than the value actually observed, which is the area under the standard 
normal curve that lies to the left of t0. 

b. For a right tailed test, the P-value is the probability of observing a value of the test statistic t 
as large as or larger than the value actually observed, which is the area under the standard 
normal curve that lies to the right of t0. 

c. For a two tailed test, the P-value is the probability of observing a value of the test statistic t 
as large as or larger than the value actually observed, which is the area under the standard 
normal curve that lies outside the interval from  -|t0| to |t0|. 

iii. If P ≤ α, reject H0 otherwise do not reject H0. 

iv. Interpret the result of the hypothesis test. 
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2 n1( )+ s2
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2
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n1 −1
+
s2
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n2 −1

         ,   rounded down to the nearest integer



Example: (Problem 10.43, Introductory Statistics by Neil Weiss; Pearson Education) 

Research suggested that changes in the activity of dopamine, a neurotransmitter in the brain, may be 
a causative factor of schizophrenia. The activity of dopamine was measured on 10 Psychotic and 15 
Non-Psychotic schizophrenic patients.  The activity of dopamine was measured in each patient as 
follows, 

At the 1% significance level, do the data suggest that dopamine activity is higher, on average, in 
psychotic patients? 

Let µ1 and µ2  be mean dopamine activity for psychotic and non-psychotic patients respectively. 

The null and alternate hypotheses are given as, 

H0 : µ1 = µ2 (mean dopamine activity for psychotic and non-psychotic patients are equal) 

Ha : µ1 > µ2 (mean dopamine activity for psychotic patients is greater than non-psychotic patients) 

The significance level is given as α = 0.01 

The mean dopamine activity for psychotic patients x̅1 = 0.02426 

The mean dopamine activity for non-psychotic patients x̅2 = 0.01643 

The standard deviation for dopamine activity for psychotic patients s1 = 0.00514 

The standard deviation for dopamine activity for non-psychotic patients s2 = 0.00470 

The value of t-statistic is, 

The degrees of freedom are given as, 

Now, α = 0.01, d.f. = 18 and the critical value is tα as its a right tailed test. On searching for α = 0.01, d.f. = 
18 in the t-table, we get the critical value to be 2.552. 

As 3.86 lies to the right of the critical value 2.552, it lies in the rejection region. Hence, we reject the null 
hypothesis H0. The test results are statistically significant at the 5% level. 
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t = x1 − x2
s1
2 n1( )+ s2

2 n2( )
= 0.02426 − 0.01643

0.005142 10( )+ 0.004702 15( )
= 3.86

Psychotic 0.0150 0.0222 0.0204 0.0275 0.0306 0.0270 0.0320 0.0226 0.0245 0.0208

N o n - 
Psychotic

0.0104 0.0230 0.0145 0.0200 0.0116 0.0180 0.0210 0.0252 0.0154 0.0105

0.0130 0.0170 0.0112 0.0200 0.0156

d. f .=
s1
2 n1( )+ s2

2 n2( )⎡⎣ ⎤⎦
2

s1
2 n1( )2 n1 −1( )⎡

⎣
⎤
⎦
2

+ s2
2 n2( )2 n2 −1( )⎡

⎣
⎤
⎦
2

d. f .=
0.005142 10( )+ 0.004702 15( )⎡⎣ ⎤⎦

2

0.005142 10( )2 10 −1( )⎡
⎣

⎤
⎦ + 0.004702 15( )2 15 −1( )⎡

⎣
⎤
⎦

= 18



At 5% significance level, the data provide sufficient evidence to conclude that dopamine activity is higher, 
on average, in psychotic patients. 

If we use the P-value approach, being a right tailed test, the P-value for this test is the probability of 
observing a value of t of 3.86 or higher if null hypothesis is true. 

For d.f. = 18 in the t-table, 3.86 is to be found for α < 0.005. Hence, P < 0.005 which is less than the given  
α = 0.01. 

Hence, the null hypothesis is rejected. 

Comparing Two Population Means using Paired Samples 

Paired samples are those samples in which each pair consist of a member of one population and that 
member’s corresponding member in the other population. To make statistical inference between two paired 
samples, the method of paired difference is used. A paired difference (d) is the difference between a pair of 
observations. 

For finding the sampling distribution, the following parameters are found, 

Sample Mean of the Paired difference (d) for n observations: 

Sample standard deviation (sd): 

Hypothesis Testing for Two Population Means using Paired Samples 

To perform a t-value hypothesis test for two population means (µ1 and µ2), the following procedure is used 

i. Select the null hypothesis H0 : µ1 = µ2 and alternative hypothesis Ha : µ1 < µ2 or Ha : µ1 > µ2 or        
Ha : µ1 ≠ µ2. 

ii. Decide the value of significance level, α. 

iii. Compute the value of the test statistic,  

iv. Use t table to find the critical value(s) for the test with degree of freedom, d.f. = n - 1.  They are  
±tα/2 for two-tailed test or -tα for left-tailed test or tα for right-tailed test. 

v. If the value of the test statistic falls in the rejection region, reject H0 otherwise do not reject H0. 

vi. Interpret the result of the hypothesis test. 
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d = Σd
n

sd =
Σd 2 − Σd( )2 n

n −1

t = d
sd n



To perform a P-value hypothesis test for two population means (µ1 and µ2), the following procedure is used 

i. Follow Steps i. to iii. From above. 

ii. Use t table to find the P value(s) for the test. 

a. For a left tailed test, the P-value is the probability of observing a value of the test statistic t 
as small as or smaller than the value actually observed, which is the area under the standard 
normal curve that lies to the left of t0. 

b. For a right tailed test, the P-value is the probability of observing a value of the test statistic t 
as large as or larger than the value actually observed, which is the area under the standard 
normal curve that lies to the right of t0. 

c. For a two tailed test, the P-value is the probability of observing a value of the test statistic t 
as large as or larger than the value actually observed, which is the area under the standard 
normal curve that lies outside the interval from  -|t0| to |t0|. 

iii. If P ≤ α, reject H0 otherwise do not reject H0. 

iv. Interpret the result of the hypothesis test. 

Example: (Problem 10.81, Introductory Statistics by Neil Weiss; Pearson Education) 

Anorexia Nervosa is a serious eating disorder, particularly among young women. The following data 
provide the weights, in kgs, of 17 anorexic young women before and after receiving treatment. 

At the 5% significance level, do the data suggest that the treatment helps the anorexic young women to 
gain weight? 

Let µ1 and µ2  be mean weight of the anorexic girls before and after the treatment respectively. 

The null and alternate hypotheses are given as, 

H0 : µ1 = µ2 (mean weight of the anorexic girls before and after the treatment are equal) 

Ha : µ1 < µ2 (mean weight of the anorexic girls before the treatment is less) 

The significance level is given as α = 0.05 

The degree of freedom is d.f. = n - 1 = 17 - 1 = 16 
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Girl Before After Girl Before After Girl Before After

1 37.78 42.77 7 34.88 34.84 13 37.24 43.32

2 39.01 41.5 8 42.73 46.08 14 35.2 41.14

3 37.42 41.69 9 33.29 43.05 15 37.87 41.96

4 39.33 45.5 10 36.51 34.11 16 40.78 42.55

5 36.11 34.79 11 37.01 35.29 17 39.01 41.59

6 39.6 44.45 12 38.01 43.18



The paired difference is found as, 

The paired mean is given as, 

The sample standard deviation is given as, 

The value of t-statistic is, 

Now, α = 0.05, d.f. = 16 and the critical value is -tα as its a left tailed test. On searching for α = 0.05, d.f. = 16 
in the t-table, we get the critical value to be -1.746. 

As -4.185 lies to the left of the critical value -1.746, it lies in the rejection region. Hence, we reject the null 
hypothesis H0. The test results are statistically significant at the 5% level. 
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Girl Before (in Kgs) 
(x1)

After (in Kgs) 
(x2) d = x1 - x2 d2

1 37.78 42.77 -4.99 24.9001

2 39.01 41.5 -2.49 6.2001

3 37.42 41.69 -4.27 18.2329

4 39.33 45.5 -6.17 38.0689

5 36.11 34.79 1.32 1.7424

6 39.6 44.45 -4.85 23.5225

7 34.88 34.84 0.04 0.0016

8 42.73 46.08 -3.35 11.2225

9 33.29 43.05 -9.76 95.2576

10 36.51 34.11 2.4 5.76

11 37.01 35.29 1.72 2.9584

12 38.01 43.18 -5.17 26.7289

13 37.24 43.32 -6.08 36.9664

14 35.2 41.14 -5.94 35.2836

15 37.87 41.96 -4.09 16.7281

16 40.78 42.55 -1.77 3.1329

17 39.01 41.59 -2.58 6.6564

Total -56.03 353.3633

d = Σd
n

= −56.03
17

= −3.296

sd =
Σd 2 − Σd( )2 n

n −1
=

353.3633− −56.03( )2 17
17 −1

= 3.247

t = d
sd n

= −3.296
3.247 17

= −4.185



At 5% significance level, the data provide sufficient evidence to conclude that the treatment helps the 
anorexic young women to gain weight. 

If we use the P-value approach, being a left tailed test, the P-value for this test is the probability of observing 
a value of t of -4.185 or greater if null hypothesis is true. 

For d.f. = 16 in the t-table, -4.185 is to be found for α < 0.005. Hence, P < 0.005 which is lesser than the 
given α = 0.05. 

Hence, the null hypothesis is rejected. 

Hypothesis Testing for One Population Standard Deviation 
χ2 Distribution 

Standard deviation is the measure of variation of a data set. The standard deviation for the entire population 
is denoted by σ and for a sample is given by s. 

If a variable x of a population is normally distributed with standard deviation σ then for a sample size n 
having standard deviation s, a sample statistic can be defined as, 

This is called the χ2 statistic. It is a random variable with a sample distribution called the Chi-square 
distribution (χ2 distribution). This distribution has n - 1 degrees of freedom. The general function of the 
distribution is given as, 

 

The properties of χ2 curves are, 

The total area under a χ2 curve is equal to 1. 

A χ2 curve starts at origin on the horizontal axis 
and extends indefinitely to the right, 
approaching, but never touching, the horizontal 
axis as it does so. 

A χ2 curve is right skewed. 

As the number of degrees of freedom becomes 
larger, χ2 curves looks increasingly like the 
normal curves. 

Procedure to find Confidence Intervals for a χ2 Distribution 

i. Select the confidence level. 

ii. Find the value of significance level, α. 

iii. Use the χ2-table to find the value of χ21-α /2 and χ2α /2 for confidence level α degree of freedom       
d.f. = n-1. 
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χ 2 = n −1
σ 2 s2

f χ 2( ) = c χ 2( ) d . f . 2( )−1⎡⎣ ⎤⎦ e−χ
2 /2                   c is a constant



iv. The confidence interval for standard deviation σ is given as, 

Example:   (Example 15.2, Elements of Statistics II: Inferential Statistics; Schaum’s Outlines) 

For a random sample (n = 16, x̅ = 27.9 and s = 3.23) taken from a normally distributed population, 
find the 95% and the 99% confidence interval. 

i) The value of confidence level is 0.95. 

The value of α is 1 - 0.95 = 0.05 

Hence the value of α/2 is 0.05/2 = 0.025 

And that of 1-α/2 is 1 - 0.025 = 0.975 

The degree of freedom is d.f. = 16 - 1 = 15 

The value of sample standard deviation is s = 3.23 

For, α/2 = 0.025 and d.f. = 15, χ2-table gives the value of χ2α /2 = 27.49 

For, 1-α/2 = 0.975 and d.f. = 15, χ2-table gives the value of χ21-α /2 = 6.26 

The confidence interval for standard deviation σ is given as, 

ii) The value of confidence level is 0.99. 

The value of α is 1 - 0.99 = 0.01 

Hence the value of α/2 is 0.01/2 = 0.005 

And that of 1-α/2 is 1 - 0.005 = 0.995 

The value of sample standard deviation is s = 3.23 

The degree of freedom is d.f. = 16 - 1 = 15 

For, α/2 = 0.005 and d.f. = 15, χ2-table gives the value of χ2α /2 = 32.8 

For, 1-α/2 = 0.995 and d.f. = 15, χ2-table gives the value of χ21-α /2 = 4.60 

The confidence interval for standard deviation σ is given as, 
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n −1
χα /2
2 i s to n −1

χ 1−α /2
2 i s

n −1 χα /2
2 i s to n −1 χ 1−α /2

2 i s = 16 −1( ) 27.49 i 3.23 to 16 −1( ) 6.26 i 3.23

= 2.386 to 4.999

n −1 χα /2
2 i s to n −1 χ 1−α /2

2 i s = 16 −1( ) 32.8 i 3.23 to 16 −1( ) 4.60 i 3.23

= 2.184 to 5.833



Hypothesis Testing for One Population Standard Deviation (σ) 

χ2-Test 

To perform a χ2 hypothesis test for a population standard deviation (σ), the following procedure is used 

i. Select the null hypothesis H0 : σ = σ0 and alternative hypothesis Ha : σ < σ0 or Ha : σ > σ0 or           
Ha : σ ≠ σ0. 

ii. Decide the value of significance level, α. 

iii. Compute the value of the test statistic,  

iv. Use χ2 table to find the critical value(s) for the test with degree of freedom, d.f. = n - 1. They are    
χ21-α/2  and χ2α/2 for two-tailed test or χ21-α for left-tailed test or χ2α for right-tailed test. 

v. If the value of the test statistic falls in the rejection region, reject H0 otherwise do not reject H0. 

vi. Interpret the result of the hypothesis test. 

To perform a P-value hypothesis test for a population standard deviation(σ), the following procedure is used 

i. Select the null hypothesis H0 : σ = σ0 and alternative hypothesis Ha : σ < σ0 or Ha : σ > σ0 or           
Ha : σ ≠ σ0. 

ii. Decide the value of significance level, α. 

iii. Compute the value of the test statistic, 

iv. Use χ2 table to find the P value(s) for the test. 

a. For a left tailed test, the P-value is the probability of observing a value of the test statistic χ2 

as small as or smaller than the value actually observed, which is the area under the standard 
normal curve that lies to the left of χ0. 
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χ 2 = n −1
σ 2 s2

Left Tailed Test Right Tailed Test

Two Tailed Test

χ 2 = n −1
σ 2 s2



b. For a right tailed test, the P-value is the probability of observing a value of the test statistic 
χ2 as large as or larger than the value actually observed, which is the area under the standard 
normal curve that lies to the right of χ0. 

c. For a two tailed test, the value of χ2 statistic needs to be compared with the mean of the χ2 

distribution which is equal to the number of degrees of freedom (d.f.). If the value of χ2 

statistic is less than d.f., then the P value is twice the value obtained from the χ2 table for the 
corresponding 1- α/2 and d.f.. If the value of χ2 statistic is more than d.f., then the P value is 
twice the value obtained from the χ2 table for the corresponding α/2 and d.f.. 

v. If P ≤ α, reject H0 otherwise do not reject H0. 

The actual value of P can be found using MS-Excel. The syntax of the formula is  

CHIDIST(“χ2-value”, “Degrees of Freedom”) 

vi. Interpret the result of the hypothesis test. 

Example: (Based on Problem 11.16, Introductory Statistics by Neil Weiss; Pearson Education) 

The mileage for a model of truck is about 9.8 kilometre per litre (kmpl). The standard deviation of the 
mileage is about 0.5 kmpl. A random sample of 12 trucks of this model yields the following, in terms of 
kmpl, 

At the 5% significance level, do the data provide sufficient evidence to conclude that the standard 
deviation of mileages differ from 0.5 kmpl? 

Let σ be the population standard deviation of mileages. 

The null and alternate hypotheses are given as, 

H0 : σ = 0.5 kmpl (the standard deviation of mileages is same as 0.5 kmpl) 

Ha : σ ≠ 0.5 kmpl (the standard deviation of mileages is not same as 0.5 kmpl) 

The significance level is given as α = 0.05 

The population standard deviation of mileages is given as σ = 0.5 kmpl 

The sample standard deviation of mileages is given as s = 0.46 kmpl 

The degree of freedom for the sample is  d.f. = n - 1 = 12 - 1 = 11 

The value of χ2-statistic is, 

Now, α = 0.05, d.f. = 11 and the critical values are χ21-α/2  and χ2α/2 as its a two tailed test. On searching for    
α /2 = 0.05/2 = 0.025, d.f. = 11 in the χ2-table, we get the critical value to be 21.92 and for 1 - α /2 =              
1 - 0.025 = 0.975, d.f. = 11 in the χ2-table, we get the critical value to be 3.816. 
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10.25 9.91 9.57 9.86 9.48 8.97 9.1 9.95 9.99 9.69 10.42 10.33

χ 2 = n −1
σ 2 s2 = 12 −1

0.52
0.462( ) = 9.31



As 9.31 lies in between the critical values 3.816 and 21.92, it lies in the non-rejection region. Hence, we 
don’t reject the null hypothesis H0. The test results are not statistically significant at the 5% level. 

At 5% significance level, the data don’t provide sufficient evidence to conclude that the standard deviation 
of mileages differ from 0.5 kmpl. 

If we use the P-value approach, being a two tailed test, the P-value for this test is the probability of 
observing a value of χ2 of 9.31outside the confidence interval if null hypothesis is true. 

As d.f. = 11 is greater than the χ2 value 9.31, for d.f. = 11 in the χ2-table, 9.31 is to be found for α > 0.1. 
Hence, P > (2 × 0.10) i.e. P > 0.20 which is greater than the given  α = 0.05. 

Hence, the null hypothesis is not rejected. 

Example: (Problem 11.18, Introductory Statistics by Neil Weiss; Pearson Education) 

According to a Cookery show, the average time required to bake a pizza is about 12 to 18 minutes. If 
the times are normally distributed, the standard deviation of the times is approximately 1 minute. A 
random sample of 15 pizzas yielded the following baking times to the nearest tenth of a minute. 

At the 1% significance level, do the data provide sufficient evidence to conclude that the standard 
deviation of baking times exceeds 1 minute? 

Let σ be the population standard deviation of baking times. 

The null and alternate hypotheses are given as, 

H0 : σ = 1 minute (the standard deviation of baking times is same as 1 minute) 

Ha : σ > 1 minute (the standard deviation of baking times exceeds 1 minute)  

The significance level is given as α = 0.01 

The population standard deviation of baking times is given as σ = 1 minute 

The sample standard deviation of baking times is given as s = 1.541 minute 

The degree of freedom for the sample is  d.f. = n - 1 = 15 - 1 = 14 

The value of χ2-statistic is, 

Now, α = 0.01, d.f. = 14 and the critical value is χ2α as its a right tailed test. On searching for α = 0.01,        
d.f. = 14 in the χ2-table, we get the critical value to be 29.14. 

As 33.25 lies to the right of the critical value 29.14, it lies in the rejection region. Hence, we reject the null 
hypothesis H0. The test results are statistically significant at the 1% level. 

At 1% significance level, the data provide sufficient evidence to conclude that the standard deviation of 
baking times exceeds 1 minute. 
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χ 2 = n −1
σ 2 s2 = 15 −1

12
1.5412( ) = 33.25

15.4 15.1 14 15.8 16 13.7 15.6 14.8 11.6 12.8 17.6 15.1 16.4 13.1 15.3



If we use the P-value approach, being a right tailed test, the P-value for this test is the probability of 
observing a value of χ2 of 33.25 or higher if null hypothesis is true. 

For d.f. = 14 in the χ2-table, 33.25 is to be found for α < 0.001. Hence, P < 0.001 which is less than the 
given  α = 0.01. 

Hence, the null hypothesis is rejected. 

Example: (Based on Problem 11.19, Introductory Statistics by Neil Weiss; Pearson Education) 

A coffee machine is supposed to dispense 175 ml of coffee into a paper cup. The population standard 
deviation of the amounts dispensed by the machine should be less than 6 ml. A random sample of 15 
cups provided the following data, in millilitres, 

At the 5% significance level, do the data provide sufficient evidence to conclude that the standard 
deviation of the amounts being dispensed is less than 6 ml? 

Let σ be the population standard deviation of amounts dispensed by the coffee machine into a paper cup 

The null and alternate hypotheses are given as, 

H0 : σ = 6 ml (the standard deviation of the amounts being dispensed is 6 ml) 

Ha : σ < 6 ml (the standard deviation of the amounts being dispensed is less than 6 ml)  

The significance level is given as α = 0.05 

Hence, 1 - α = 1 - 0.05 = 0.95 

The population standard deviation of the amounts being dispensed as σ = 6 ml 

The sample standard deviation of the amounts being dispensed as s = 4.56 ml 

The degree of freedom for the sample is  d.f. = n - 1 = 15 - 1 = 14 

The value of χ2-statistic is, 

Now, α = 0.05, d.f. = 14 and the critical value is χ21-α as its a left tailed test. On searching for 1 - α = 0.95,  
d.f. = 14 in the χ2-table, we get the critical value to be 6.571. 

As 8.086 lies to the right of the critical value 6.571, it lies in the non-rejection region. Hence, we don’t reject 
the null hypothesis H0. The test results are not statistically significant at the 5% level. 

At 5% significance level, the data don’t provide sufficient evidence to conclude that the standard deviation 
of the amounts being dispensed is less than 6 ml. 

If we use the P-value approach, being a left tailed test, the P-value for this test is the probability of observing 
a value of χ2 of 8.086 or lower if null hypothesis is true. 

For d.f. = 14 in the χ2-table, 8.086 is to be found for 1- α < 0.9 or α > 0.1. Hence, P > 0.1 which is more 
than the given  α = 0.05. Hence, the null hypothesis is not rejected. 
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χ 2 = n −1
σ 2 s2 = 15 −1

62
4.562( ) = 8.086

174.48 172.12 183.36 180.1 175.37 182.76 177.15 171.23 185.72 182.17 177.44 173 181.29 180.1 182.76



Hypothesis Testing for Two Population Standard Deviation using Independent Samples 

F-Distribution 

For two independent samples of sizes n1 and n2 having standard deviations s1 and s2 taken from populations 
having standard deviations σ1 and σ2 , a sample statistic can be defined as, 

This is called the F statistic. It is a random variable with a sample distribution called the F distribution 
named in the honour of Sir Ronald Fisher. This distribution has (n1 - 1, n2 - 1) degrees of freedom. The 
general function of the distribution is given as, 

For (n1 - 1, n2 - 1) degrees of freedom, the first is called the degrees of freedom for the numerator and the 
second is called the degrees of freedom for the denominator. 

The properties of F curves are, 

The total area under a F curve is equal to 1. 

An F-curve starts at origin on the horizontal axis 
and extends indefinitely to the right, approaching, 
but never touching, the horizontal axis as it does 
so. 

An F-curve is right skewed. 

For an F-curve having (n1 - 1, n2 - 1) degrees of 
freedom, the F-value having area α to its left 
equals the reciprocal of the the F-value having area 
α to its right for an F-curve having (n2 - 1, n1 - 1) 
degrees of freedom. 

Procedure to find Confidence Intervals for a F Distribution 

i. Select the confidence level. 

ii. Find the value of significance level, α. 

iii. Use the F-table to find the value of F1-α /2 and Fα /2 for confidence level α degree of freedom         
d.f. = (n1 - 1, n2 - 1). 

iv. The confidence interval for ratio of standard deviation σ1/σ2 is given as, 
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F = s1
2 σ 1

2

s2
2 σ 2

2

f F( ) = c F( ) n1−1( ) 2( )−1⎡⎣ ⎤⎦ 1+
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Example:   (Example 11.14, Introductory Statistics by Neil Weiss; Pearson Education) 

For two independent samples (n1 = 10, s1 = 128.3 and n2 = 10, s2 = 199.7)  taken from two normally 
distributed populations, find the 95% confidence interval. The value of confidence level is 0.95. 

The value of α is 1 - 0.95 = 0.05 

Hence the value of α/2 is 0.05/2 = 0.025 

And that of 1-α/2 is 1 - 0.025 = 0.975 

The degree of freedom is d.f. = (n1 - 1, n2 - 1) = (10 - 1, 10 - 1) = (9, 9) 

The value of sample standard deviations are s1 = 128.3 and s2 = 199.7 

For, α/2 = 0.025 and d.f. = (9, 9), F-table gives the value of Fα /2 = F0.025 = 4.03 

For, 1-α/2 = 0.975 and d.f. = (9, 9), the fact is used that for an F-curve having (n1 - 1, n2 - 1) degrees of 
freedom, the F-value having area α to its left equals the reciprocal of the the F-value having area α to its 
right for an F-curve having (n2 - 1, n1 - 1) degrees of freedom.  

Hence, F1-α /2 with degrees of freedom (n1-1, n2-1) = Reciprocal of Fα /2  with degrees of freedom (n2-1, n1-1)  

F0.975 = 1/F0.025 = 1/4.03 = 0.248 

The confidence interval for standard deviation σ is given as, 

Hypothesis Testing for Two Population Standard Deviation (σ1 and σ2) 

F-Test 

To perform a F hypothesis test for two population standard deviations (σ1 and σ2), the following procedure 
is used 

i. Select the null hypothesis H0 : σ1 = σ2 and alternative hypothesis Ha : σ1 < σ2 or Ha : σ1 > σ2 or           
Ha : σ1 ≠ σ2. 

ii. Decide the value of significance level, α. 

iii. Compute the value of the test statistic,  

iv. Use F table to find the critical value(s) for the test with degree of freedom, d.f. = (n1 - 1, n2 - 1). 
They are F1-α/2  and Fα/2 for two-tailed test or F1-α for left-tailed test or Fα for right-tailed test. 

v. If the value of the test statistic falls in the rejection region, reject H0 otherwise do not reject H0. 

vi. Interpret the result of the hypothesis test. 
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1 Fα /2( ) i s1 s2( ) to 1 F1−α /2( ) i s1 s2( )

= 1 4.03( ) i 128.3 199.7( ) to 1 0.248( ) i 128.3 199.7( )

= 0.32 to 1.29

F = s1
2

s2
2



To perform a P-value hypothesis test for two population standard deviations (σ1 and σ2), the following 
procedure is used 

i. Select the null hypothesis H0 : σ1 = σ2 and alternative hypothesis Ha : σ1 < σ2 or Ha : σ1 > σ2 or           
Ha : σ1 ≠ σ2. 

ii. Decide the value of significance level, α. 

iii. Compute the value of the test statistic,  

iv. Use F table to find the P value(s) for the test. 

a. For a left tailed test, the P-value is the probability of observing a value of the test statistic F 

as small as or smaller than the value actually observed, which is the area under the standard 
normal curve that lies to the left of F0. 

b. For a right tailed test, the P-value is the probability of observing a value of the test statistic 
F as large as or larger than the value actually observed, which is the area under the standard 
normal curve that lies to the right of F0. 

c. For a two tailed test, the value of F statistic needs to be compared with the mean of the F 
distribution. If the value of F statistic is less than the mean, then the P value is twice the 
value obtained from the F table for the corresponding 1- α/2 and d.f.. If the value of F 

statistic is more than the mean, then the P value is twice the value obtained from the F table 
for the corresponding α/2 and d.f.. 

v. If P ≤ α, reject H0 otherwise do not reject H0. 

The actual value of P can be found using MS-Excel. The syntax of the formula is  

FDIST(“F-value”, “Degrees of Freedom for Numerator”,“Degrees of Freedom for Denominator”) 

vi. Interpret the result of the hypothesis test. 
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Example: (Problem 11.49, Introductory Statistics by Neil Weiss; Pearson Education) 

A new teaching method was introduced to teach Algebra with the view that it may reduce variability 
in the final exam scores by eliminating the lower scores. The control group was taught with the usual 
method while the experimental group was taught with the new method. The final exam scores for both 
the groups are as follows, 

At the 5% significance level, do the data provide sufficient evidence to conclude that there is less 
variation among final exam scores when the new teaching method is used? 

Let σ1 and σ2 be the population standard deviations of final exam for students of control and experimental 
group respectively. 

The null and alternate hypotheses are given as, 

H0 : σ1 = σ2 (the standard deviations of final exam scores for students of control and experimental 
group are same) 

Ha : σ1 > σ2 (the standard deviation of final exam scores for students of control group is more than the 
experimental group)  

The significance level is given as α = 0.05 

The sample standard deviation of final exam scores for students of control group is given as s1 = 7.813 

The sample standard deviation of final exam scores for students of experimental group is given as s2 = 5.286 

The degree of freedom for the sample is  d.f. = (n1 - 1, n2 - 1) = (41 - 1, 20 - 1) = (40 , 19) 

The value of F-statistic is, 

Now, α = 0.05, d.f. = (40 , 19) and the critical value is Fα as its a right tailed test. On searching for α = 0.05,        
d.f. = (40 , 19) in the F-table, we get the critical value to be 2.03. 

As 2.185 lies to the right of the critical value 2.03, it lies in the rejection region. Hence, we reject the null 
hypothesis H0. The test results are statistically significant at the 5% level. 

At 5% significance level, the data provide sufficient evidence to conclude that the standard deviation of final 
exam scores for students of control group is more than the experimental group and hence there is less 
variation among final exam scores when the new teaching method is used. 
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F = s1
2

s2
2 =

7.8132

5.2862
= 2.185

Control
36 35 35 33 32 32 31 29 29 28 28 28 27 27 27 26 26 25 24 24

24 23 20 20 19 19 18 18 18 17 17 16 15 15 15 15 14 11 10 9 4

Experim
ental

36 35 35 31 30 29 27 27 26 23 21 21 35 32 28 28 25 23 21 19



If we use the P-value approach, being a right tailed test, the P-value for this test is the probability of 
observing a value of F of 2.185 or higher if null hypothesis is true. 

For d.f. = (40 , 19) in the F-table, 2.185 is to be found for α < 0.05. Hence, P < 0.05 which is less than the 
given  α = 0.05. 

Hence, the null hypothesis is rejected. 

Analysis of Variance (ANOVA) 
The basic principle of ANOVA is to test for differences among the means of the populations by examining 
the amount of variation within each of these samples, relative to the amount of variation between the 
samples.  

The assumptions for ANOVA are, 

The samples taken from the populations under consideration are simple random samples. 

The samples are independent of each other. 

For each population, the variable under consideration is normally distributed. 

The standard deviations of the variable under consideration are the same for all the populations. 

For the results of a study to be analysable by ANOVA, 

There must be one one or more active independent variables called as factors. 

The categories of a factor that are used in the study are called treatments or levels. 

One Way ANOVA 

The One-Way ANOVA is used when only one factor is considered. The several possible types of samples can 
occur within that factor. The differences (if any) within that factor are then determined. 

To perform an One-way ANOVA test to compare k population means (µ1, µ2, …, µk), the following 
procedure is used 

i. Select the null hypothesis H0 : µ1 = µ2 = … = µk and the alternative hypothesis                                     
Ha : Not all the means are equal 

ii. Decide the value of significance level, α. 

iii. Obtain mean of each sample, x̅1, x̅2, …, x̅k. 

iv. Obtain the mean of the above sample means,  

v. Compute the deviations of the sample means from the mean of the sample means and calculate the 
square of such deviations which may be multiplied by the number of items in the corresponding 
sample, and then obtain their total. This is known as the sum of squares for variance between the 
samples (or SS between), given as  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x = x1 + x2 + ...+ xk
k

SS between = n1 x1 − x( )2
+ n2 x2 − x( )2

+ ...+ nk xk − x( )2



vi. Compute the deviations of the values of the sample items for all the samples from corresponding 
means of the samples and calculate the squares of such deviations and then obtain their total. This 
total is known as the sum of squares for variance within samples (or SS within)  

vii. Compute the sum of squares of deviations for total variance can also be worked out by adding the 
squares of deviations when the deviations for the individual items in all the samples have been 
taken from the mean of the sample means.  

The above values can be found using a shortcut method, 

a. Find the total of the values of individual items in all the samples (n), 

b. Compute the correction factor, 

c. The sum of squares for total variance is obtained as, 

d. Obtain the square of each sample total (Tj2) and compute the sum of squares for variance 
between the samples as, 

e. The sum of squares for variance within the samples is obtained as, 

viii. Construct an One-way ANOVA table to obtain the value of F-statistic         

ix. Use F table to find the critical value Fα for the test with degree of freedom, d.f. = (k - 1, n - k). 

x. If the value of the test statistic falls in the rejection region, reject H0 otherwise do not reject H0. 

xi. Interpret the result of the hypothesis test. 
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SS within = x1i − x1( )∑ 2
+ x2i − x2( )∑ 2

+ ...+ xki − xk( )∑ 2
,  i = 1, 2, 3, …

Total SS = xij − x( )∑ 2
,  i, j = 1, 2, 3, …

T = xij∑ ,  i, j = 1, 2, 3, …

Correction Factor = T( )2 n

Total SS = xij
2∑ − T( )2 n ,  i, j = 1, 2, 3, …

SS between = 
Tj( )2

nj

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∑ − T( )2 n ,          j = 1, 2, 3, …

SS within = Total SS - SS between = xij
2∑ −

Tj( )2

nj

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∑ ,          i, j = 1, 2, 3, …

Source d.f. Sum of Squares 
(SS)

Mean Square 
(MS = SS/d.f.)

F-statistic

Between samples 
or categories

k-1 SS between MS between = SS between / k-1 F = MS between / MS within

Within samples 
or categories

n-k SS within MS within = SS within / n-k

Total n-1 Total SS



To perform a P-value One-Way ANOVA test to compare k population means (µ1, µ2, …, µk), the following 
procedure is used 

i. Follow Steps i. to viii. from above. 

ii. Use F table to find the P value for the test for d.f. = (k - 1, n - k). 

iii. If P ≤ α, reject H0 otherwise do not reject H0. 

iv. Interpret the result of the hypothesis test. 

Example: (Problem 16.35, Introductory Statistics by Neil Weiss; Pearson Education) 

Copepods are tiny crustaceans that are essential link in the estuarine food web. An experiment was 
designed to determine whether dietary lipid content is important in the population growth of copepod. 
Independent random samples of copepods were placed in containers containing lipid rich diatoms, 
bacteria and macroalgae. After 14 days, the number of copepods in each container were as follows, 

At the 5% significance level, do the data provide sufficient evidence to conclude that a difference exists 
in number of copepods among the three different diets? 

Let µ1, µ2  and µ3  be mean number of copepods for diatoms, bacteria and macro algae respectively. 
The null and alternate hypotheses are given as, 

H0 : µ1 = µ2 = µ3 (all the mean number of copepods in each container are equal) 

Ha : µ1 ≠ µ2 ≠ µ3 (all the mean number of copepods in each container are not equal) 

The significance level is given as α = 0.05 
The number of samples is given as k = 3 
Total number of observations for diatoms, bacteria and macro algae are  n1 = 4, n2 = 4 and n3 = 4 
Total number of observations n = n1 + n2 + n3 = 12 
The degree of freedom is d.f. = (k - 1, n - k) = (2, 9) 
The means are found as, 
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Diatoms 426 467 438 497

Bacteria 303 301 293 328

Macroalgae 277 324 302 272

Diatom Bacteria Macro Algae

x1 x1 -  x̅1 x1 -  x̅̅ x2 x2 -  x̅2 x2 -  x̅̅ x3 x3 -  x̅3 x3 -  x̅̅ 

426 -31 73.67 303 -3.25 -49.33 277 -16.75 -75.33

467 10 114.67 301 -5.25 -51.33 324 30.25 -28.33

438 -19 85.67 293 -13.25 -59.33 302 8.25 -50.33

497 40 144.67 328 21.75 -24.33 272 -21.75 -80.33

x̅1 = 457 x̅2 = 306.25 x̅3 = 293.75

x̅̅ = 352.33



The mean of the above samples is obtained as,   

The sum of squares for variance between the samples (or SS between), is given as 

The sum of squares for variance within samples (or SS within), is given as  
 

The sum of squares for total variance (or Total SS), is given as  
 

         

The above values can be found using the shortcut method as, 

         

The correction factor is given as, 

The sum of squares for total variance (or Total SS), is given as  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x = x1 + x2 + ...+ xk( ) k = 457 + 306.25 + 293.75( ) / 3= 352.33

SS between = n1 x1 − x( )2
+ n2 x2 − x( )2

+ ...+ nk xk − x( )2

= 4 × 457 − 352.33( )2 + 4 × 306.25 − 352.33( )2 + 4 × 293.75 − 352.33( )2

= 66043.167

SS within = x1i − x1( )∑ 2
+ x2i − x2( )∑ 2

+ ...+ xki − xk( )∑ 2

= −31( )2 + 10( )2 + −19( )2 + 40( )2⎡⎣ ⎤⎦∑ + −3.25( )2 + −5.25( )2 + −13.25( )2 + 21.75( )2⎡⎣ ⎤⎦∑
    + −16.75( )2 + 30.25( )2 + 8.25( )2 + −21.75( )2⎡⎣ ⎤⎦∑
= 3022 + 686.75 +1736.75
= 5445.5

Total SS = xij − x( )∑ 2

= 73.67( )2 + 114.67( )2 + 85.67( )2 + 144.67( )2 + −49.33( )2 + −51.33( )2

    + −59.33( )2 + −24.33( )2 + −75.33( )2 + −28.33( )2 + −50.33( )2 + −80.33( )2

= 71488.667

Diatom Bacteria Macro Algae

x1 x12 x2 x22 x3 x32 

426 181476 303 91809 277 76729

467 218089 301 90601 324 104976

438 191844 293 85849 302 91204

497 247009 328 107584 272 73984

T1 = Σx1 = 1828 Σx12 = 838418 T2 = Σx2 = 1225 Σx22 = 375843 T3 = Σx3 = 1175 Σx32 = 346893

T = T1 + T2 + T3 = 4228             Σxij2 = Σx12 + Σx22 + Σx32 = 1561154

Correction Factor = T( )2 n = 4228( )2 12 = 1489665.333

Total SS = xij
2∑ − T( )2 n = 1561154 −1489665.333= 71488.667



The sum of squares for variance between the samples (or SS between), is given as 

The sum of squares for variance within samples (or SS within), is given as 

The One-way ANOVA table is constructed as, 

Now, α = 0.05, d.f. = (2 , 9) and the critical value is Fα. On searching for α = 0.05, d.f. = (2, 9) in the F-table, 
we get the critical value to be 4.26. 

As 54.58 lies to the right of the critical value 4.26, it lies in the rejection region. Hence, we reject the null 
hypothesis H0. The test results are statistically significant at the 5% level. 

At 5% significance level, the data provide sufficient evidence to conclude that a difference exists in number 
of copepods among the three different diets. 

If we use the P-value approach, the P-value for this test is the probability of observing a value of F of 54.58 
or higher if null hypothesis is true. 

For d.f. = (2 , 9) in the F-table, 54.58 is to be found for α < 0.001. Hence, P < 0.001 which is less than the 
given  α = 0.05. 

Hence, the null hypothesis is rejected. 
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     = 18282 / 4( )+ 12252 / 4( )+ 11752 / 4( )⎡⎣ ⎤⎦ −1489665.333

     = 1555708.5 −1489665.333
     = 66043.167

SS between = Tj( )2
nj⎡

⎣⎢
⎤
⎦⎥∑ − T( )2 n ,          j = 1, 2, 3, …

SS within = Total SS - SS between = 71488.667 − 66043.167
               = 5445.50

Source d.f. Sum of 
Squares (SS)

Mean Square 
(MS = SS/d.f.)

F-statistic

Between samples 
or categories

k-1  
= 2

SS between 
= 66043.167

MS between = SS between / k-1 
                     = 66043.167/2 
                     =33021.5835

F = MS between / MS within 
   = 33021.5835 / 605.0556 
   = 54.58

Within samples 
or categories

n-k  
= 9

SS within 
= 5445.50

MS within = SS within / n-k 
                 = 5445.50/9 
                 = 605.0556

Total n-1  
= 11

Total SS 
=71488.667



Example: (Problem 16.33, Introductory Statistics by Neil Weiss; Pearson Education) 

The following table gives the time required, in minutes, by three workers to perform an assembly line 
task, 

At the 10% significance level, do the data provide sufficient evidence to conclude that a difference 
exists in mean time required by the three workers to perform the assembly line task? 

Let µ1, µ2 and µ3  be mean time required by Hank, Susan and Joseph respectively to perform the assembly 
line task. 

The null and alternate hypotheses are given as, 

H0 : µ1 = µ2 = µ3  (all the mean times required by the workers are equal) 

Ha : µ1 ≠ µ2 ≠ µ3  (all the mean times required by the workers are not equal) 

The significance level is given as α = 0.1 

The number of samples is given as k = 3 

Total number of observations for time required by Hank, Susan and Joseph are n1 = 5, n2 = 5, and n3 = 5 

Total number of observations n = n1 + n2 + n3 = 15 

The degree of freedom is d.f. = (k - 1, n - k) = (2, 12) 

The values required for the One-way ANOVA table can be found as, 

The correction factor is given as, 

The sum of squares for total variance (or Total SS), is given as  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Hank 8 10 9 11 10

Susan 8 9 9 8 10

Joseph 10 9 10 11 9

Hank Susan Joseph

x1 x12 x2 x22 x3 x32 

8 64 8 64 10 100

10 100 9 81 9 81

9 81 9 81 10 100

11 121 8 64 11 121

10 100 10 100 9 81

T1 = Σx1 = 48 Σx12 = 466 T2 = Σx2 = 44 Σx22 = 390 T3 = Σx3 = 49 Σx32 = 483

T = T1 + T2 + T3 = 141             Σxij2 = Σx12 + Σx22 + Σx32 = 1339

Correction Factor = T( )2 n = 141( )2 15 = 1325.4

Total SS = xij
2∑ − T( )2 n = 1339 −1325.4 = 13.6



The sum of squares for variance between the samples (or SS between), is given as 

The sum of squares for variance within samples (or SS within), is given as 

The One-way ANOVA table is constructed as, 

Now, α = 0.1, d.f. = (2 , 12) and the critical value is Fα. On searching for α = 0.1, d.f. = (2, 12) in the  F-table, 
we get the critical value to be 2.81. 

As 1.56 lies to the left of the critical value 2.81, it lies in the non-rejection region. Hence, we don’t reject the 
null hypothesis H0. The test results are not statistically significant at the 5% level. 

At 5% significance level, the data don’t provide sufficient evidence to conclude that a difference exists in 
mean time required by the three workers to perform the assembly line task. 

If we use the P-value approach, the P-value for this test is the probability of observing a value of F of 1.56 
or higher if null hypothesis is true. 

For d.f. = (2 , 12) in the F-table, 1.56 is to be found for α = 0.25. Hence, P = 0.25 which is greater than the 
given  α = 0.1. 

Hence, the null hypothesis is not rejected.  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SS between = Tj( )2
nj⎡

⎣⎢
⎤
⎦⎥∑ − T( )2 n ,          j = 1, 2, 3, …

     = 482 / 5( )+ 442 / 5( )+ 492 / 6( )⎡⎣ ⎤⎦ −1325.4

     = 1328.2 −1325.4
     = 2.8

SS within = Total SS - SS between = 13.6 − 2.8
               = 10.8

Source d.f. Sum of 
Squares (SS)

Mean Square 
(MS = SS/d.f.)

F-statistic

Between samples 
or categories

k-1  
= 2

SS between 
= 2.8

MS between = SS between / k-1 
                     = 2.8/2 
                     =1.4

F = MS between / MS within 
   = 1.4 / 0.9 
   = 1.56

Within samples 
or categories

n-k  
= 12

SS within 
= 10.8

MS within = SS within / n-k 
                 = 10.8/12 
                 = 0.9

Total n-1  
= 14

Total SS 
=13.6



Example: (Based on Problem 16.37, Introductory Statistics by Neil Weiss; Pearson Education) 

The following table gives the monthly salaries of workers employed in different trades, 

At the 5% significance level, do the data provide sufficient evidence to conclude that a difference exists 
in mean monthly salaries of workers among the five trades? 

Let µ1, µ2, µ3, µ4 and µ5  be mean monthly salaries for workers employed in Real Estate, Transportation, 
Security, Catering and Insurance respectively. 

The null and alternate hypotheses are given as, 

H0 : µ1 = µ2 = µ3 = µ4 = µ5 (all the mean monthly salaries for workers are equal) 

Ha : µ1 ≠ µ2 ≠ µ3 ≠ µ4 ≠ µ5 (all the mean monthly salaries for workers are not equal) 

The significance level is given as α = 0.05 

The number of samples is given as k = 5 

Total number of observations for workers employed in Real Estate, Transportation, Security, Catering and 
Insurance are n1 = 6, n2 = 5, n3 = 6, n4 = 4 and n5 = 6 

Total number of observations n = n1 + n2 + n3 + n4 + n5 = 27 

The degree of freedom is d.f. = (k - 1, n - k) = (4, 22) 

The values required for the One-way ANOVA table can be found as, 
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Real Estate 44240 47040 44310 47390 50680 45850

Transportation 42910 39060 37660 42490 41370

Security 24430 19390 18130 27090 19180 25760

Catering 39970 36750 42490 34510

Insurance 34790 35630 36120 30240 32830 28420

Real Estate Transportation Security Catering Insurance

x1 x12 x2 x22 x3 x32 x4 x42 x5 x52 

44240 1957177600 42910 1841268100 24430 596824900 39970 1597600900 34790 1210344100

47040 2212761600 39060 1525683600 19390 375972100 36750 1350562500 35630 1269496900

44310 1963376100 37660 1418275600 18130 328696900 42490 1805400100 36120 1304654400

47390 2245812100 42490 1805400100 27090 733868100 34510 1190940100 30240 914457600

50680 2568462400 41370 1711476900 19180 367872400 32830 1077808900

45850 2102222500 25760 663577600 28420 807696400
T1 = 

279510

Σx12 = 

13049812300

T2 = 

203490

Σx22 = 

8302104300

T3 = 

133980

Σx32 = 

3066812000

T4 = 

153720

Σx42 = 

5944503600

T5 = 

198030

Σx52 = 

6584458300

T = T1 + T2 + T3 + T4 + T5 = 968730             Σxij2 = Σx12 + Σx22 + Σx32 + Σx42  + Σx52  = 36947690500



The correction factor is given as, 

The sum of squares for total variance (or Total SS), is given as  

The sum of squares for variance between the samples (or SS between), is given as 

 

The sum of squares for variance within samples (or SS within), is given as 

The One-way ANOVA table is constructed as, 

Now, α = 0.05, d.f. = (4 , 22) and the critical value is Fα. On searching for α = 0.05, d.f. = (4, 22) in the       
F-table, we get the critical value to be 2.82. 

As 51.91 lies to the right of the critical value 2.82, it lies in the rejection region. Hence, we reject the null 
hypothesis H0. The test results are statistically significant at the 5% level. 

At 5% significance level, the data provide sufficient evidence to conclude that a difference exists in mean 
monthly salaries of workers among the five trades. 

If we use the P-value approach, the P-value for this test is the probability of observing a value of F of 51.91 
or higher if null hypothesis is true. 

For d.f. = (4 , 22) in the F-table, 51.91 is to be found for α < 0.001. Hence, P < 0.001 which is less than the 
given  α = 0.05. 

Hence, the null hypothesis is rejected. 
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Correction Factor = T( )2 n = 968730( )2 12 = 34756956033.33

Total SS = xij
2∑ − T( )2 n = 36947690500 − 34756956033.33= 2190734466.67

SS between = Tj( )2
nj⎡

⎣⎢
⎤
⎦⎥∑ − T( )2 n ,          j = 1, 2, 3, …

     = 2795102 / 6( )+ 2034902 / 5( )+ 1339802 / 6( )+ 1537202 / 4( )+ 1980302 / 6( )⎡⎣ ⎤⎦ − 34756956033.33

     = 36737822520 − 34756956033.33
     = 1980866486.67

SS within = Total SS - SS between = 2190734466.67 −1980866486.67
               = 209867980

Source d.f. Sum of Squares 
(SS)

Mean Square 
(MS = SS/d.f.)

F-statistic

Between samples 
or categories

k-1  
= 4

SS between 
= 1980866486.67

MS between = SS between / k-1 
                    = 1980866486.67/4 
                    =495216621.67

F = MS between / MS within 
   = 495216621.67 / 9539453.64 
   = 51.91

Within samples 
or categories

n-k  
= 22

SS within 
= 209867980

MS within = SS within / n-k 
                 = 209867980/22 
                 = 9539453.64

Total n-1  
= 26

Total SS 
=2190734466.67



Two Way ANOVA 

The Two-Way ANOVA is used when two factors are considered. 

To perform a Two-way ANOVA test to compare population means, 

A. When there is only one observation for a combination of an ith row and jth column, the following 
procedure is used 

i. Select the null hypothesis  

H0 : µ1 = µ2 = … = µi and the alternative hypothesis Ha : Not all the means are equal,  

where i are the number of rows  

H0 : µ1 = µ2 = … = µj and the alternative hypothesis Ha : Not all the means are equal,  

where j are the number of columns 

ii. Decide the value of significance level, α. 

iii. Find the total of the values of individual items in all the samples (n), 

iv. Compute the correction factor, 

v. The sum of squares for total variance is obtained as, 

vi. Obtain the square of each sample in a given row total (Ti2) and compute the sum of squares for 
variance between the samples in each row as, 

vii. Obtain the square of each sample in a given column total (Tj2) and compute the sum of squares for 
variance between the samples in each column as, 

viii. The sum of squares for variance within the samples is obtained as, 
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T = xij∑ ,  i, j = 1, 2, 3, …

Correction Factor = T( )2 n

Total SS = xij
2∑ − T( )2 n ,  i, j = 1, 2, 3, …

SS between Rows = Ti( )2

ni
⎡

⎣
⎢

⎤

⎦
⎥∑ − T( )2 n ,          i = 1, 2, 3, …

SS within = Total SS - (SS between Rows + SS between Columns)

    = xij
2∑ − Ti( )2

ni
⎡

⎣
⎢

⎤

⎦
⎥∑ −

Tj( )2

nj

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
−T

2

n∑ ,          i, j = 1, 2, 3, …

SS between Columns = 
Tj( )2

nj

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∑ − T( )2 n ,          j = 1, 2, 3, …



ix. Construct a Two-way ANOVA table to obtain the value of F-statistic         

x. Use F table to find the corresponding critical value Fα for the test with degree of freedom,             
d.f. = (i - 1, (i-1).(j-1)) for treatment between rows and with degree of freedom,                             
d.f. = (j - 1, (i-1).(j-1)) for columns. 

xi. If the value of the test statistic falls in the rejection region, reject H0 otherwise do not reject H0. 

xii. Interpret the result of the hypothesis test. 

To perform a P-value One-Way ANOVA test to compare population means, the following procedure is used 

i. Follow Steps i. to ix. from above. 

ii. Use F table to find the corresponding P value for the test with degree of freedom, d.f. = (i - 1, (i-1).
(j-1)) for treatment between rows and with degree of freedom, d.f. = (j - 1, (i-1).(j-1)) for columns. 

iii. If P ≤ α, reject H0 otherwise do not reject H0. 

iv. Interpret the result of the hypothesis test. 

Example: (Problem 9, Research Methodology Methods and Techniques by C R Kothari) 

The following table gives the monthly sales (in thousand rupees) of a certain firm in three states by its  
four salesmen, 

At the 5% significance level, do the data provide sufficient evidence to conclude that whether the 
difference between sales affected by the four salesmen and difference between sales affected in three 
States are significant? 
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Source d.f. Sum of 
Squares (SS)

Mean Square 
(MS = SS/d.f.)

F-statistic

Between Rows i-1 SS between 
rows

MS between rows =                 
SS between rows/ i-1

F = MS between rows / 
MS within

Between Columns j-1 SS between 
columns

MS between columns =                 
SS between columns/ j-1

F = MS between columns 
/ MS within

Within Samples (i-1).(j-1) SS within MS within =                            
SS within / (i-1).(j-1)

Total n-1 Total SS

States
Salesmen

A B C D

X 5 4 4 7

Y 7 8 5 4

Z 9 6 6 7



The null and alternate hypotheses are given as, 

i) H0 : The mean sales for the each state are equal 

Ha : The mean sales for the each state are not equal 

ii) H0 : The mean sales for the each salesman are equal 

Ha : The mean sales for the each salesman are not equal 

The significance level is given as α = 0.05 

Total number of data sets for states are i = 3 and for the salesmen are j = 4. 

Total number of observations n = 12 

The degree of freedom for row is d.f. = (i - 1, (i-1).(j-1)) = (3, 6) 

The degree of freedom for column is d.f. = (j - 1, (i-1).(j-1)) = (2, 6) 

The values required for the Two-way ANOVA table can be found as, 

     

The correction factor is given as, 

The sum of squares for total variance (or Total SS), is given as  

The sum of squares for variance between the samples in each row is given as, 

 

!ভািশষ চD Page #  of #51 77

A B C D

x1 x12 x2 x22 x3 x32 x4 x42 

X y1 5 25 4 16 4 16 7 49
Σy1 = 

20
Σy12 = 

106

Y y2 7 49 8 64 5 25 4 16
Σy2 = 

24
Σy22 = 

154

Z y3 9 81 6 36 6 36 7 49
Σy3 = 

28
Σy32 = 

202

Σx1 = 
21

Σx12 = 
155

Σx2 = 
18

Σx22 

= 116
Σx3 = 

15
Σx32 = 

77
Σx4 = 

18
Σx42 = 
144

T = Σx1 + Σx2 + Σx3 + Σx4 = 72             Σxij2 = Σx12 + Σx22 + Σx32 + Σx42 = 462

Correction Factor = T( )2 n = 72( )2 12 = 432

Total SS = xij
2∑ − T( )2 n = 462 − 432 = 30

SS between Rows = Ti( )2 ni⎡
⎣

⎤
⎦∑ − T( )2 n ,          i = 1, 2, 3, …

     = 202 / 4( )+ 242 / 4( )+ 282 / 4( )⎡⎣ ⎤⎦ − 432

     = 440 − 432
     = 8



The sum of squares for variance between the samples in each column is given as, 

 

The sum of squares for variance within samples (or SS within), is given as 

The Two-way ANOVA table is constructed as, 

Now, for rows, α = 0.05, d.f. = (2 , 6) and the critical value is Fα. On searching for α = 0.05, d.f. = (2, 6) in 
the F-table, we get the critical value to be 5.14. 

As 1.498 lies to the left of the critical value 5.14, it lies in the non - rejection region. Hence, we don’t reject 
the null hypothesis H0. The test results are not statistically significant at the 5% level. 

At 5% significance level, the data don’t provide sufficient evidence to conclude that a difference exists in 
mean sales for the salesmen in each state. 

If we use the P-value approach, the P-value for this test is the probability of observing a value of F of 1.498 
or higher if null hypothesis is true. 

For d.f. = (2 , 6) in the F-table, 1.498 is to be found for α > 0.25. Hence, P > 0.25 which is greater than the 
given  α = 0.05. 

Hence, the null hypothesis is not rejected. 
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SS between Columns = Tj( )2
nj⎡

⎣⎢
⎤
⎦⎥∑ − T( )2 n ,          j = 1, 2, 3, …

     = 212 / 3( )+ 182 / 3( )+ 152 / 3( )+ 182 / 3( )⎡⎣ ⎤⎦ − 432

     = 438 − 432
     = 6

SS within = Total SS - (SS between Rows + SS between Columns)

    = xij
2∑ − Ti( )2

ni
⎡

⎣
⎢

⎤

⎦
⎥∑ −

Tj( )2

nj

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
−T

2

n∑ ,          i, j = 1, 2, 3, …

    = 462 − 440 − 438 + 432
    = 16         

Source d.f. Sum of 
Squares (SS)

Mean Square 
(MS = SS/d.f.)

F-statistic

Be tween Rows 
(States) i-1 = 2

SS between 
rows = 8

MS between rows  
= SS between rows/ i-1  
= 8/2 = 4

F = MS between rows / 
MS within 

= 4 / 2.67 = 1.498

Between Columns 
(Salesmen) j-1 = 3

SS between 
columns = 6

MS between columns  
= SS between columns/ j-1  
= 6/2 = 3

F = MS between columns 
/ MS within 

= 3 / 2.67 = 1.124

Within Samples
(i-1).(j-1) 

= 6
SS within = 

16

MS within  
= SS within / (i-1).(j-1) 
= 16/6 = 2.67

Total n-1 = 11 Total SS = 30



And for columns, α = 0.05, d.f. = (3 , 6) and the critical value is Fα. On searching for α = 0.05, d.f. = (3, 6) in 
the F-table, we get the critical value to be 4.76. 

As 1.24 lies to the left of the critical value 5.14, it lies in the non - rejection region. Hence, we don’t reject 
the null hypothesis H0. The test results are not statistically significant at the 5% level. 

At 5% significance level, the data don’t provide sufficient evidence to conclude that a difference exists in 
mean sales in the states for each salesman. 

If we use the P-value approach, the P-value for this test is the probability of observing a value of F of 1.498 
or higher if null hypothesis is true. 

For d.f. = (3 , 6) in the F-table, 1.124 is to be found for α > 0.25. Hence, P > 0.25 which is greater than the 
given  α = 0.05. 

Hence, the null hypothesis is not rejected. 

B. When there are more than one observation for a combination of an ith row and jth column, the 
following procedure is used 

i. Select the null hypothesis  

 H0 : µ1 = µ2 = … = µi and the alternative hypothesis Ha : Not all the means are equal,  

where i are the number of rows  

 H0 : µ1 = µ2 = … = µj and the alternative hypothesis Ha : Not all the means are equal,  

where j are the number of columns 

H0 : µij - µi - µj + µ = 0  i.e. there is no interaction between the items in the cells and the 
alternative hypothesis Ha : There is interaction between the items in the cells,  

where i and  j are the number of rows and columns respectively 

ii. Decide the value of significance level, α. 

iii. Find the total of the values of individual items in all the samples (n), 

iv. Compute the correction factor, 

v. The sum of squares for total variance is obtained as, 

vi. Obtain the square of each sample in a given row total (Ti2) and compute the sum of squares for 
variance between the samples in each row as, 
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T = xij∑ ,  i, j = 1, 2, 3, …

Correction Factor = T( )2 n

Total SS = xij
2∑ − T( )2 n ,  i, j = 1, 2, 3, …

SS between Rows = Ti( )2

ni
⎡

⎣
⎢

⎤

⎦
⎥∑ − T( )2 n ,          i = 1, 2, 3, …



vii. Obtain the square of each sample in a given column total (Tj2) and compute the sum of squares for 
variance between the samples in each column as, 

viii. Obtain the squares of items in each cell as, 

ix. The sum of squares for interaction within the cells is given as, 

x. The sum of squares for variance within the samples is obtained as, 

xi. Construct a Two-way ANOVA table to obtain the value of F-statistic         

xii. Use F table to find the corresponding critical value Fα for the test with degree of freedom,             
d.f. = (i - 1, ij.(n-1))) for treatment between rows, with degree of freedom, d.f. = (j - 1, ij.(k-1)) for 
columns and d.f. = ((i - 1).(j-1), ij.(n-1))) for interaction treatment. 

xiii. If the value of the test statistic falls in the rejection region, reject H0 otherwise do not reject H0. 

xiv. Interpret the result of the hypothesis test. 

To perform a P-value One-Way ANOVA test to compare population means, the following procedure is used 

i. Follow Steps i. to xi. from above. 

ii. Use F table to find the corresponding P value for the test with degree of freedom, d.f. = (i - 1, (ij.
(k-1)) for treatment between rows , with degree of freedom, d.f. = (j - 1, ij.(k-1)) for columns and 
d.f. = ((i - 1).(j-1), ij.(k-1))) for interaction treatment. 
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SS between Columns = 
Tj( )2

nj

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∑ − T( )2 n ,          j = 1, 2, 3, …

SS within = Total SS - (SS between Rows + SS between Columns+ SS Interaction)

Cell Square = xij∑( )2
,          i,j = 1, 2, 3, …for each cell

SS interaction = Cell Square
k

⎛
⎝⎜

⎞
⎠⎟ij

∑ − T( )2 n − SS between Rows− SS between Columns

k is the number of items in that cell and i,j = 1, 2, 3, …for each cell

Source d.f. Sum of 
Squares (SS)

Mean Square 
(MS = SS/d.f.)

F-statistic

Between Rows i-1 SS between 
rows

MS between rows =                 
SS between rows/ i-1

F = MS between rows / 
MS within

Between Columns j-1 SS between 
columns

MS between columns =                 
SS between columns/ j-1

F = MS between columns 
/ MS within

Interaction (i-1).(j-1) SS 
interaction

MS interaction =                     
SS interaction / (i-1).(j-1)

F = MS interaction /    
MS within

Within Samples ij.(k-1) SS within MS within =                            
SS within / ij.(k-1)

Total n-1 Total SS



iii. If P ≤ α, reject H0 otherwise do not reject H0. 

iv. Interpret the result of the hypothesis test. 

Example: (https://people.richland.edu/james/ictcm/2004/twoway.html) 

A pharmaceutical company is testing a new drug to see if it helps reduce the time to recover from a 
fever. They decide to test the drug on three different races (Caucasian, African American, and 
Hispanic) and both genders (male and female). This makes six treatments (3 races × 2 genders = 6 
treatments).They randomly select five test subjects from each of those six treatments, so all together, 
they have 3 × 2 × 5 = 30 test subjects. The response variable is the time in minutes after taking the 
medicine before the fever is reduced. The data is as follows, 

Discuss about the data at the 5% significance level. 

The null and alternate hypotheses are given as, 

i) H0 : The mean times for each race is equal 

Ha : The mean times for each race is not equal 

ii) H0 : The mean times for each gender is equal 

Ha : The mean times for each gender is not equal 

iii) H0 : There is no interaction between race and gender 

Ha : The is interaction between race and gender 

The significance level is given as α = 0.05 

Total number of data sets for race are i = 3 and for the gender are j = 2. 

The number of items in each cell is k = 5 each 

Total number of observations n = 6 × 5 = 30 

The degree of freedom for row i.e race  is d.f. = (i - 1, ij.(k-1)) = (2, 24) 

The degree of freedom for column i.e. gender is d.f. = (j - 1, ij.(k-1)) = (1, 24) 

The degree of freedom for interaction is d.f. = ((i-1).(j-1), ij.(k-1)) = (2, 24) 
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Male Female

Caucasian 54, 49, 59, 39, 55 25, 29, 47, 26, 28

African American 53, 72, 43, 56, 52 46, 51, 33, 47, 41

Hispanic 33, 30, 26, 25, 29 18, 21, 34, 40, 24



The values required for the Two-way ANOVA table can be found as, 

The correction factor is given as, 

The sum of squares for total variance (or Total SS), is given as  

The sum of squares for variance between the samples in each row is given as, 
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Male Female

x1 x12 x2 x22 

Caucasian X

54 2916 25 625
ΣX = Σx1X  + Σx2X  = 

411 

ΣX2 = Σx1X2  + Σx2X 2 = 
18479

49 2401 29 841

59 3481 47 2209

39 1521 26 676

55 3025 28 784

Σx1X = 256 Σx1X2 = 13344 Σx2X = 155 Σx1X2 = 5135

African 
American Y

53 2809 46 2116
ΣY = Σx1Y  + Σx2Y  = 

494 

ΣY2 = Σx1Y2  + Σx2Y 2 = 
25378

72 5184 51 2601

43 1849 33 1089

56 3136 47 2209

52 2704 41 1681

Σx1Y = 276 Σx1Y2 = 15682 Σx2Y = 218 Σx1Y2 = 9696

Hispanic Z

33 1089 18 324
ΣZ = Σx1Z  + Σx2Z  = 

280 

ΣZ2 = Σx1Z2  + Σx2Z2 = 
8228

30 900 21 441

26 676 34 1156

25 625 40 1600

29 841 24 576

Σx1Z = 143 Σx1Z2 = 4131 Σx2YZ= 137 Σx1Z2 = 4097

Σx1 = 256 
+ 276 + 

143 = 675

Σx12 = 13344 
+ 15682 + 

4131 = 33157

Σx2 = 155 
+ 218 + 

137 = 510

Σx22 = 5135 + 
9696 + 4097 = 

18928

T = Σx1 + Σx2 = 1185          Σxij2 = Σx12 + Σx22 = 52085

Correction Factor = T( )2 n = 1185( )2 30 = 46807.5

Total SS = xij
2∑ − T( )2 n = 52085 − 46807.5 = 5277.5

SS between Rows = Ti( )2 ni⎡
⎣

⎤
⎦∑ − T( )2 n ,          i = 1, 2, 3, …

     = 4112 /10( )+ 4942 /10( )+ 2802 /10( )⎡⎣ ⎤⎦ − 46807.5

     = 49135.7 − 46807.5 = 2328.2



The sum of squares for variance between the samples in each column is given as, 

 

The sum of squares for interaction within the cells is given as,        

The sum of squares for variance within samples (or SS within), is given as         

The Two-way ANOVA table is constructed as, 

Now, for rows, α = 0.05, d.f. = (2 , 24) and the critical value is Fα. On searching for α = 0.05, d.f. = (2, 24) in 
the F-table, we get the critical value to be 3.40. 

As 17.579 lies to the right of the critical value 3.40, it lies in the rejection region. Hence, we reject the null 
hypothesis H0. The test results are statistically significant at the 5% level. 

At 5% significance level, the data provide sufficient evidence to conclude that a difference exists for 
different races in mean time after taking the medicine before the fever is reduced. 
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SS between Columns = Tj( )2
nj⎡

⎣⎢
⎤
⎦⎥∑ − T( )2 n ,          j = 1, 2, 3, …

     = 6752 /15( )+ 5102 /15( )⎡⎣ ⎤⎦ − 46807.5

     = 47715 − 46807.5 = 907.5

SS interaction = Cell Square
k

⎛
⎝⎜

⎞
⎠⎟ij

∑ − T( )2 n − SS between Rows− SS between Columns

   = 2562 / 5( )+ 1552 / 5( )+ 2762 / 5( )+ 2182 / 5( )+ 1432 / 5( )+ 1372 / 5( )⎡⎣ ⎤⎦ − 46807.5 − 2328.2 − 907.5

    = 452.6

SS within = Total SS - (SS between Rows + SS between Columns + SS Interaction)
                = 5277.5 - (2328.2 + 907.5 + 452.6)
                = 1589.2

Source d.f. Sum of 
Squares (SS)

Mean Square 
(MS = SS/d.f.)

F-statistic

Be tween Rows 
(Race) i-1 = 2

SS between 
rows  

= 2328.2

MS between rows  
= SS between rows/ i-1  
= 2328.2/2 = 1164.1

F = MS between rows / 
MS within 

= 1164.1/66.22=17.579

Between Columns 
(Gender) j-1 = 1

SS between 
columns 
= 907.5

MS between columns  
= SS between columns/ j-1  
= 907.5/1 = 907.5

F = MS between columns 
/ MS within 

= 907.5/66.22 = 13.704

Interaction
(i-1).(j-1) 

= 2

SS 
interaction 

= 452.6

MS interaction  
= SS interaction / (i-1).(j-1) 
= 452.6/2 = 226.3

F = MS interaction / MS 
within 

= 226.3 / 66.22 = 3.417

Within Samples
ij.(k-1) = 

24
SS within 
= 1589.2

MS within  
= SS within / ij.(k-1) 
= 1589.2/24 = 66.22

Total n-1 = 29 Total SS 
= 5277.5



If we use the P-value approach, the P-value for this test is the probability of observing a value of F of 17.579 
or higher if null hypothesis is true. 

For d.f. = (2 , 24) in the F-table, 17.579 is to be found for α < 0.001. Hence, P < 0.001 which is lesser than 
the given  α = 0.05. 

Hence, the null hypothesis is rejected. 

For columns, α = 0.05, d.f. = (1, 24) and the critical value is Fα. On searching for α = 0.05, d.f. = (1, 24) in 
the F-table, we get the critical value to be 4.26. 

As 13.704 lies to the right of the critical value 4.26, it lies in the rejection region. Hence, we reject the null 
hypothesis H0. The test results are statistically significant at the 5% level. 

At 5% significance level, the data provide sufficient evidence to conclude that a difference exists for 
different gender in mean time after taking the medicine before the fever is reduced. 

If we use the P-value approach, the P-value for this test is the probability of observing a value of F of 17.579 
or higher if null hypothesis is true. 

For d.f. = (1 , 24) in the F-table, 13.704 is to be found for α < 0.001. Hence, P < 0.001 which is lesser than 
the given  α = 0.05. 

Hence, the null hypothesis is rejected. 

And for interactions, α = 0.05, d.f. = (2, 24) and the critical value is Fα. On searching for α = 0.05,             
d.f. = (2, 24) in the F-table, we get the critical value to be 3.40. 

As 3.417 is nearly equal to the critical value 3.40, it lies in the non - rejection region. Hence, we don’t reject 
the null hypothesis H0. The test results are not statistically significant at the 5% level. 

At 5% significance level, the data don’t provide sufficient evidence to conclude that there is no interaction 
between the values in race and gender for mean time after taking the medicine before the fever is reduced. 

If we use the P-value approach, the P-value for this test is the probability of observing a value of F of 3.417 
or higher if null hypothesis is true. 

For d.f. = (2 , 24) in the F-table, 3.417 is to be found for α ≈ 0.05. Hence, P = 0.05 which is equal to the 
given  α = 0.05. 

Hence, the null hypothesis is not rejected. 
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Regression 
Regression is the determination of a statistical relationship between two or more variables. In simple 
regression, we have only two variables, one variable (defined as independent) is the cause of the behaviour 
of another one (defined as dependent variable). Regression can only interpret what exists physically i.e., 
there must be a physical way in which independent variable X can affect dependent variable Y. The basic 
relationship between X and Y is given by,  

where the symbol Ŷ denotes the estimated 
value of Y for a given value of X. This equation 
is known as the regression equation of Y on X 
(also represents the regression line of Y on X 
when drawn on a graph) which means that each 
unit change in X produces a change of b1 in Y, 
which is positive for direct and negative for 
inverse relationships. 

b1 is the slope of the regression line and b0 is the intercept. 

A least-squares regression (or line of best fit) is the line through the data points (xi, yi) that has the smallest 
possible sums of squares of deviations from the line. 

For a given value of X, the observed value of Y are not 
always same as predicted in the regression equation. The 
blue dots in the diagram represent the observed data and 
red line represents the regression line. The deviations from 
the regression line is indicated by the vertical lines. The 
sum of squares of these deviations in sample values of Y 
provide a measure of how well a line drawn through the 
data points “fits” the data. 

The values of b1 and b0 are given by, 

 

where, 
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Ŷ = b0 + b1X

b1 =
Sxy
Sxx

and b0 =
1
n

yi − b1 xi∑∑( ) = y − b1x

Sxx = xi − x( )2 = xi
2 −

xi∑( )2
n∑∑

Syy = yi − y( )2 = yi
2 −

yi∑( )2
n∑∑

Sxy = xi − x( ) yi − y( ) = xiyi −
xi∑( ) yi∑( )
n∑∑

ehdp.com

wikipedia



Regression plots are as shown in the figure, 

If there is a point (xi, yi) not on the regression line then we have, 

The variation in the observed values of the 
response variable (yi) is called the Total 
Sum of Squares (SST) 

The variation in the observed values of the 
response variable (yi) explained by the 
regression is called the Regression Sum of 
Squares (SSR) 

The variation in the observed values of the response variable (yi) not explained by the regression is 
called the Error Sum of Squares (SSE) 

The coefficient of determination r2 is the proportion of variation in the observed values of the response 
variable explained by the regression. It is given as, 

The coefficient of determination lies between 0 and 1 and is the descriptive measure of the utility of the 
regression equation for making predictions. A value of r2 near 0 indicates that the regression equation is not 
useful for making predictions whereas a A value of r2 near 1 indicates extreme usefulness. 

A regression line is valid only for the observed range of observations. It may not hold true for values 
outside the observed range. Hence, regression should not be used for extrapolation. 

An influential observation is data point whose removal causes the regression equation to change 
considerably. 
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SST = yi − y( )2∑ = Syy

SSR = ŷi − y( )2 = Sxy
2

Sxx
∑

SSE = yi − ŷi( )2 = Syy −
Sxy
2

Sxx
∑

r2 = SSR
SST

= 1− SSE
SST

mbtskoudsalg.com



Example: (Problem 14.43, Introductory Statistics by Neil Weiss; Pearson Education) 

The prices (in thousands of rupees) of 10 second-hand cars of a particular model are given in the table, 

Determine the regression equation and coefficient of determination for the data. Predict the price for a  
2 year and 3 year old car of the particular model. 

The data is tabulated as, 

The variances are given as,         

Hence, the regression coefficients are given as, 
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Age (in years) x 6 6 6 2 2 5 4 5 1 4

Price (in ‘000 
Rupees)

y 270 260 275 405 364 295 335 308 405 305

Age (x) Price (y) x2 y2 xy

6 270 36 72900 1620

6 260 36 67600 1560

6 275 36 75625 1650

2 405 4 164025 810

2 364 4 132496 728

5 295 25 87025 1475

4 335 16 112225 1340

5 308 25 94864 1540

1 405 1 164025 405

4 305 16 93025 1220

Σx = 41 Σy = 3222 Σx2 = 199 Σy2 = 1063810 Σxy = 12348

Sxx = xi − x( )2 = xi
2 − xi∑( )2

n∑∑
     = 199 − 412 /10( ) = 30.9

Syy = yi − y( )2 = yi
2 − yi∑( )2

n∑∑
     = 1063810 − 32222 /10( ) = 25681.6

Sxy = xi − x( ) yi − y( ) = xiyi − xi∑( ) yi∑( )⎡⎣ ⎤⎦ n∑∑
     = 12348 − 41× 3222( ) 10⎡⎣ ⎤⎦ = −862.2

b1 =
Sxy
Sxx

= −862.2
30.9

= −27.9

b0 = yi − b1 xi∑∑( ) n = 3222 − −27.9 × 41( )⎡⎣ ⎤⎦ 10 = 436.6
alcula.com



The regression equation is given as, 

The values of the sums of squares are, 

 

 

Hence, the coefficient of determination is given as, 

As the value of r2 is close to 1, the regression equation is extremely useful in studying the variation and 
93.67% of the variation in the price is explained by age. It is seen that the price of the second hand cars 
decreases with age. 

The price for a 2 year model is, 

Rs. 380800. 

The price for a 3 year model is, 

Rs. 352900. 

Example: (Problem 14.45, Introductory Statistics by Neil Weiss; Pearson Education) 

The amount of volatile compounds emitted (in hundreds of nanograms) by potato plants are given in 
the table, 

Determine the regression equation and coefficient of determination for the data. Predict the amount of 
volatile compounds emitted by a potato plant weighing 75 grams. 

The data is tabulated as, 
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Ŷ = b0 + b1X

Ŷ = 436.6 − 27.9X

SST = yi − y( )2∑ = Syy = 25681.6

SSR = ŷi − y( )2 = Sxy2 Sxx∑ = −862.2( )2 30.9 = 24057.89
SSE = yi − ŷi( )2 = Syy − Sxy

2 Sxx( )∑ = 25681.6 − −862.2( )2 30.9 = 1623.71

r2 = SSR SST = 24057.89 / 25681.6 =0.9367

Ŷ = b0 + b1X = 436.6 − 27.9X = 436.6 − (27.9 × 2) = 380.8

Ŷ = b0 + b1X = 436.6 − 27.9X = 436.6 − (27.9 × 3) = 352.9

Weight of 
Potato Plants  
(in grams)

x 57 85 57 65 52 67 80 77 53 68 62

Volatile 
Compounds 

emitted (in ’00 
nanograms)

y 8 22 10.5 22.5 12 11.5 13 16.5 21 12 7.5



 

The variances are given as,         

Hence, the regression coefficients are given as, 

 

The regression equation is given as, 

The values of the sums of squares are, 
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Sxx = xi − x( )2 = xi
2 − xi∑( )2

n∑∑
     = 48747 − 7232 /11( ) = 1226.18

Syy = yi − y( )2 = yi
2 − yi∑( )2

n∑∑
     = 2523.25 − 156.52 /11( ) = 296.68

Sxy = xi − x( ) yi − y( ) = xiyi − xi∑( ) yi∑( )⎡⎣ ⎤⎦ n∑∑
     = 10486 − 723×156.5( ) 11⎡⎣ ⎤⎦ = 199.68

b1 =
Sxy
Sxx

= 199.68
1226.18

= 0.163

b0 = yi − b1 xi∑∑( ) n = 156.5 − 0.163× 723( )⎡⎣ ⎤⎦ 11= 3.51

Ŷ = b0 + b1X

Ŷ = 3.51+ 0.163X

SST = yi − y( )2∑ = Syy = 296.68

SSR = ŷi − y( )2 = Sxy2 Sxx∑ = 199.68( )2 1226.18 = 32.52

Percentage of 
Investments (x)

Tax Efficiency 
(y)

x2 y2 xy

3.1 98.1 9.61 9623.61 304.11

3.2 94.7 10.24 8968.09 303.04

3.7 92.0 13.69 8464.0 340.4

4.3 89.8 18.49 8064.04 386.14

4.0 87.5 16.0 7656.25 350

5.5 85.0 30.25 7225.0 467.5

6.7 82.0 44.89 6724.0 549.4

7.4 77.8 54.76 6052.84 575.72

7.4 72.1 54.76 5198.41 533.54

10.6 53.5 112.36 2862.25 567.1

Σx = 55.9 Σy = 832.5 Σx2 = 365.05 Σy2 = 70838.49 Σxy = 4376.95
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Hence, the coefficient of determination is given as, 

As the value of r2 is close to 0, the regression equation is not extremely useful in studying the variation and 
10.96% of the variation in the volatile emissions is explained by plant weight. It is seen that the volatile 
emissions increases with plant weight. 

The volatile emission for a 75 gram potato plant is, 

1573.5 nanograms. 

Linear Correlation 
In simple linear correlation, both X and Y are random variables and the aim is to determine the strength of 
the linear relationship between them. The statistic mostly used to determine the correlation is the linear 
correlation coefficient, r. It is also known as the Pearson Product Moment Correlation Coefficient in 
honour of its developer, Karl Pearson. Its value is in between -1  and 1.The linear correlation coefficient is 
given as, 

The properties of linear correlation coefficient are, 

a. The sign of r reflects the slope of the scatter diagram. The degree of linear association between the two 
variables in the degree to which the data points cluster around a straight line. 

A positive slope gives a positive correlation coefficient. It indicates a direct relationship 
between the two variables i.e. as one variable increases so does the other. 

A negative slope gives a negative correlation coefficient. It indicates an inverse relationship 
between the two variables i.e. as one variable increases, the other decreases. 

A zero value indicates that there is no association between the two variables. No correlation 
may indicate no relationship or a relationship which is not linear. 

b. The magnitude of r indicates the strength of the linear relationship. A value of r close to -1 or 1 
indicates a strong linear relationship between the variables. A value of r near 0 indicates a weak linear 
relationship. 

c. The coefficient of determination is the square of the linear correlation coefficient. 
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SSE = yi − ŷi( )2 = Syy − Sxy
2 Sxx( )∑ = 296.68 − 199.68( )2 1226.18 = 264.16

r2 = SSR SST = 32.52 / 296.68 =0.1096

Ŷ = b0 + b1X = 3.51+ 0.163X = 3.51+ (0.163× 75) = 15.735

r =
Sxy
Sxx i Syy

 =
xi − x( ) yi − y( )∑

xi − x( )2
i yi − y( )2∑∑

 =
xiyi − xi∑( ) yi∑( )⎡⎣ ⎤⎦ n∑

xi
2 − xi∑( )2

n∑( ) i yi
2 − yi∑( )2

n∑( )



The various situations are shown in the figure, 

Example: (Problem 14.86, Introductory Statistics by Neil Weiss; Pearson Education) 

The percentage of investments in energy securities and tax efficiency for 10 mutual funds are given in 
the table, 

Obtain the linear correlation coefficient and interpret the value of r in terms of the linear relationship 
between the two variables. 

The data is tabulated as, 

The linear correlation coefficient is given as, 
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Weight (x) Amount 
Emitted (y)

x2 y2 xy

57 8 3249 64 456

85 22 7225 484 1870

57 10.5 3249 110.25 598.5

65 22.5 4225 506.25 1462.5

52 12 2704 144 624

67 11.5 4489 132.25 770.5

80 13 6400 169 1040

77 16.5 5929 272.25 1270.5

53 21 2809 441 1113

68 12 4624 144 816

62 7.5 3844 56.25 465

Σx = 723 Σy = 156.5 Σx2 = 48747 Σy2 = 2523.25 Σxy = 10486

cqeacademy.com

Percentage of 
Investments

x 3.1 3.2 3.7 4.3 4.0 5.5 6.7 7.4 7.4 10.6

Tax Efficiency y 98.1 94.7 92.0 89.8 87.5 85.0 82.0 77.8 72.1 53.5

r =
Sxy
Sxx i Syy



 

It shows strong negative correlation i.e. there is a strong negative 
linear relationship between percentage of investments in energy 
securities and tax efficiency for the ten mutual funds. 

Example: (Problem 14.88, Introductory Statistics by Neil Weiss; Pearson Education) 

The size of custom houses, in hundred square feet, and their prices, in the nearest 10 lakh rupees, are 
given in the table, 

Obtain the linear correlation coefficient and interpret the value of r in terms of the linear relationship 
between the two variables. 
The data is tabulated as, 

 

The linear correlation coefficient is given as, 
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r =
xiyi − xi∑( ) yi∑( )⎡⎣ ⎤⎦ n∑

xi
2 − xi∑( )2

n∑( ) i yi
2 − yi∑( )2

n∑( )
 = 4376.95( )− 55.9 × 832.5( ) 10

365.05 − 55.92 10( ) i 70838.49 − 832.52 10( )
= −0.97

r =
Sxy
Sxx i Syy

r =
xiyi − xi∑( ) yi∑( )⎡⎣ ⎤⎦ n∑

xi
2 − xi∑( )2

n∑( ) i yi
2 − yi∑( )2

n∑( )
 

Area (in ’00 square feet) x 26 27 33 29 29 34 30 40 22

Price (in ‘00000 Rupees) y 290 305 325 327 356 411 488 554 246

Area (x) Price (y) x2 y2 xy

26 290 676 84100 7540

27 305 729 93025 8235

33 325 1089 105625 10725

29 327 841 106929 9483

29 356 841 126736 10324

34 411 1156 168921 13974

30 488 900 238144 14640

40 554 1600 306916 22160

22 246 484 60516 5412

Σx = 270 Σy = 3302 Σx2 = 8316 Σy2 = 1290912 Σxy = 102493
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It shows positive correlation i.e. there is a positive linear relationship between size of custom houses and 
their prices. 

Example: (Problem 14.90, Introductory Statistics by Neil Weiss; Pearson Education) 

The height of students, in inches, and their scores in the final exam, are given in the table, 

Obtain the linear correlation coefficient and interpret the value of r in terms of the linear relationship 
between the two variables. 
The data is tabulated as, 

 

The linear correlation coefficient is given as, 

 

 

 

It shows no correlation i.e. there is a no relationship between height 
of students and their scores in the final exam. 
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=
102493( )− 270 × 3302( ) 9

8316 − 2702 9( ) i 1290912 − 33022 9( )
= 0.83

r =
Sxy
Sxx i Syy

r =
xiyi − xi∑( ) yi∑( )⎡⎣ ⎤⎦ n∑

xi
2 − xi∑( )2

n∑( ) i yi
2 − yi∑( )2

n∑( )
 
=

49596( )− 668 × 742( ) 10
44700 − 6682 10( ) i 56622 − 7422 10( )

= 0.09

Height (in inches) x 71 68 71 65 66 68 68 64 62 65

Score y 87 96 66 71 71 55 83 67 86 60

Height (x) Score (y) x2 y2 xy

71 87 5041 7569 6177

68 96 4624 9216 6528

71 66 5041 4356 4686

65 71 4225 5041 4615

66 71 4356 5041 4686

68 55 4624 3025 3740

68 83 4624 6889 5644

64 67 4096 4489 4288

62 86 3844 7396 5332

65 60 4225 3600 3900

Σx = 668 Σy = 742 Σx2 = 44700 Σy2 = 56622 Σxy = 49596
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Rank Correlation 
Pearson’s correlation requires the following data assumptions to hold, 

interval or ratio level 

linearly related 

bivariate normally distributed 

If the data doesn’t meet the above assumptions, Pearson’s correlation method cannot be used. The non-
parametric rank correlation method is used in such cases. 

The rank correlation method is used generally for monotonic functions. A monotonic function is one that 
either never increases or never decreases as its independent variable increases. 

 

 

When the data are not available to use in numerical form for doing correlation analysis but the information is 
sufficient to rank the data as first, second, third, and so forth, the rank correlation method is used.  

The rank correlation coefficient is a measure of correlation that exists between the two sets of ranks and not 
on the numerical values of the data. It is also known as the Spearman Rank Correlation Coefficient in 
honour of its developer, Charles Spearman.  

For calculating rank correlation coefficient, all the actual observations are replaced by their ranks (RX  & RY), 
assigning rank 1 to the highest value, rank 2 to the next highest value and so forth.  

The difference between ranks, d, for each pair of observations is found and then the square of these 
differences is obtained.  
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The Spearman Rank Correlation Coefficient is given as, 

where n = number of paired observations. The value of Spearman’s rank correlation coefficient vary between 
-1 to +1. +1 indicate a perfect positive correlation and –1 indicate perfect negative correlation between two 
variables.  

If two or more values are equal, then the average of the ranks which should have been assigned to such 
values had they been all different, is taken and the same rank (equal to the said average) is given to 
concerning values. In this case, the Spearman Rank Correlation Coefficient is given as, 

where n = number of paired observations and Rx  and Ry are the ranks of variable x and y. 

Example: (https://statistics.laerd.com/statistical-guides/spearmans-rank-order-correlation-statistical-guide.php) 

The marks of 10 students in English and Maths are given as follows, 

Obtain the rank correlation coefficient and interpret the value of r in terms of the relationship 
between the two variables. 
The data is tabulated as, 
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ρ = rs = 1−
6 di

2∑
n n2 −1( )

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

ρ = rs =
RxRy − Rx∑( ) Ry∑( )⎡⎣ ⎤⎦ n∑

Rx
2 − Rx∑( )2 n∑( ) i Ry

2 − Ry∑( )2 n∑( )

Marks

A B C D E F G H I J

English x 56 75 45 71 62 64 58 80 76 61

Maths y 66 70 40 60 65 56 59 77 67 63

English (x) Maths (y) Rx Ry d = Rx - Ry d2

A 56 66 9 4 5 25

B 75 70 3 2 1 1

C 45 40 10 10 0 0

D 71 60 4 7 -3 9

E 62 65 6 5 1 1

F 64 56 5 9 -4 16

G 58 59 8 8 0 0

H 80 77 1 1 0 0

I 76 67 2 3 -1 1

J 61 63 7 6 1 1



The sum of the differences of the ranks is given as, 

Hence, the rank correlation coefficient is given as, 

This indicates a strong positive relationship between the ranks 
individuals obtained in the English and Maths exam. That is, the 
higher one ranked in English, the higher he/she ranked in Maths 
also, and vice versa. 

Example: (IGNOU BAPC BPC - 004 Statistics in Psychology) 

A researcher was interested in studying relationship between personality and creativity. She chose the 
Five-Factor model of personality as a personality conceptualisation. She chose 12-item NEO-FFI 
Openness scale to measure openness. She chose the Torrance Test of Creative Thinking (Figural) for 
measurement of creativity. She administered both the instruments on ten subjects and obtained the 
data as follows, 

Obtain the rank correlation coefficient and interpret the value of r in terms of the relationship 
between the two variables. 
The data is tabulated as, 

!ভািশষ চD Page #  of #70 77

di
2∑ = 54

ρ = rs = 1−
6 di

2∑
n n2 −1( )

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
= 1− 6 × 54

10 102 −1( )
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
= 0.6727

I II III IV V VI VII VIII IX X

Openness x 10 8 9 13 11 14 16 12 15 12

Creativity y 26 23 23 26 24 30 27 27 29 25

Openness 
(x)

Creativity 
(y)

Rx Ry Rx2 Ry2 RxRy

I 10 26 8 5.5 64 30.25 44

II 8 23 10 9.5 100 90.25 95

III 9 23 9 9.5 81 90.25 85.5

IV 13 26 4 5.5 16 30.25 22

V 11 24 7 8 49 64 56

VI 14 30 3 1 9 1 3

VII 16 27 1 3.5 1 12.25 3.5

VIII 12 27 5.5 3.5 30.25 12.25 19.25

IX 15 29 2 2 4 4 4

X 12 25 5.5 7 30.25 49 38.5

ΣRx = 55 ΣRy = 55 ΣRx2 = 384.5 ΣRy2 = 383.5 ΣRxRy = 370.75
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The Spearman Rank Correlation Coefficient is given as, 

This indicates a strong positive relationship between the ranks 
individuals obtained in openness and creativity. Hence, the 
strength of association between the ranks of openness and ranks of 
creativity is very high. 

Test for Goodness of Fit 
The Goodness of Fit Test evaluates whether the distribution of frequencies within k categories of a single 
variable is the same as in the theoretical distribution. The term goodness of fit refers to how well the 
observed (sample) frequencies fit the expected (theoretical) frequencies. 

For conducting the test the following assumptions must hold true, 

All expected frequencies are greater than or equal to 1. 

At most 20% of the expected frequencies are less than 5. 

To perform a non-parametric Goodness of Fit Hypothesis Test, the following procedure is used 

i. Select the null hypothesis H0 : The variable has the specified distribution and alternative hypothesis 
Ha : The variable doesn’t have the specified distribution. 

ii. Calculate the expected frequency for each positive value of the variable using the formula, E = np, 
where n is the sample size and p is the relative frequency given for the value in the null hypothesis. 

iii. Decide the value of significance level, α. 

iv. Compute the value of the test statistic,  

  where, O and E represent observed and expected frequencies. 

v. Use χ2 table to find the critical value, χ2α, for the test with degree of freedom, d.f. = k - 1 where, k is 
the number of possible values for the variable. 

vi. If the value of the test statistic falls in the rejection region, reject H0 otherwise do not reject H0. 

vii. Interpret the result of the hypothesis test. 

To perform a P-value hypothesis test for Goodness of Fit, the following procedure is used 

i. Follow Steps i. to iv. From above. 

ii. Use χ2 table to find the P value for the test for d.f. = k - 1. 

iii. If P ≤ α, reject H0 otherwise do not reject H0. 

iv. Interpret the result of the hypothesis test. 
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ρ = rs =
RxRy − Rx∑( ) Ry∑( )⎡⎣ ⎤⎦ n∑

Rx
2 − Rx∑( )2

n∑( ) i Ry
2 − Ry∑( )2

n∑( )
         = 370.75 − 55 × 55( ) 10

384.5 − 552 10( ) i 383.5 − 552 10( )
= 0.8374
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Example: (Problem 13.15, Introductory Statistics by Neil Weiss; Pearson Education) 

In the last year, 27.7% of freshers in a college characterised their political views as liberal, 51.9% as 
moderate and 20.4% as conservative. For this year, a random sample of 500 freshers yielded the 
following data, 

At the 10% significance level, do the data provide sufficient evidence to conclude that this year’s 
distribution of political views among freshers has changed from last year? 

The null and alternate hypotheses are given as, 

H0 : This year’s distribution of political views among freshers is same as from last year 

Ha : This year’s distribution of political views among freshers is not the same as from last year 

The significance level is given as α = 0.1 

The sample size n = 500 

The degree of freedom for the sample is  d.f. = k - 1 = 3 - 1 = 2 

The frequencies can be calculated using the following table, 

The value of χ2-statistic is, 

Now, α = 0.1, d.f. = 2 and the critical value is χ2α. On searching for α = 0.1, d.f. = 2 in the χ2-table, we get the 
critical value to be 4.605. 

As 4.6667 lies to the right of 4.605, it lies in the rejection region. Hence, we reject the null hypothesis H0. 
The test results are statistically significant at the 5% level. 

At 5% significance level, the data provide sufficient evidence to conclude that this year’s distribution of 
political views among freshers has changed from last year. 

If we use the P-value approach, the P-value for this test is the probability of observing a value of χ2 of 4.667 
or higher if null hypothesis is true. 
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χ 2 = O − E( )2 E∑ = 4.667

Political View

Liberal Moderate Conservative

Frequency 160 246 94

Political 
View

Observed 
Frequency 

(O)

Relative 
Frequency 

(n)

Expected 
Frequency 
(E = np)

O - E (O - E)2 (O - E)2/E

Liberal 160 0.277 138.5 21.5 462.25 3.338

Moderate 246 0.519 259.5 -13.5 182.25 0.702

Conservative 94 0.204 102 -8 64 0.627



For d.f. = 2 in the χ2-table, 4.667 is to be found for α < 0.1. Hence, P < 0.1 which is lesser than the given    
α = 0.1. 

Hence, the null hypothesis is rejected. 

Example: (Problem 13.17, Introductory Statistics by Neil Weiss; Pearson Education) 

The theoretical colour distribution of coloured candies is given as, 

A researcher collected the following data, 

At the 5% significance level, do the data provide sufficient evidence to conclude that the colour 
distribution of the candies differs from the theoretical distribution? 

The null and alternate hypotheses are given as, 

H0 : The colour distribution of the coloured candies is same as the theoretical distribution 

Ha : The colour distribution of the coloured candies is not the same as the theoretical distribution 

The significance level is given as α = 0.05 

The sample size n = 509 

The degree of freedom for the sample is  d.f. = k - 1 = 6 - 1 = 5 

The frequencies can be calculated using the following table, 

The value of χ2-statistic is, 
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χ 2 = O − E( )2 E∑ = 4.09

Colour

Brown Yellow Red Orange Green Blue

Percentage 30 20 20 10 10 10

Colour

Brown Yellow Red Orange Green Blue

Frequency 152 114 106 51 43 43

Colour
Observed 
Frequency 

(O)

Relative 
Frequency 

(n)

Expected 
Frequency 

(E = np)
O - E (O - E)2 (O - E)2/E

Brown 152 0.3 152.7 -0.7 0.49 0.003

Yellow 114 0.2 101.8 12.2 148.84 1.462

Red 106 0.2 101.8 4.2 17.64 0.173

Orange 51 0.1 50.9 0.1 0.01 0

Green 43 0.1 50.9 -7.9 62.41 1.226

Blue 43 0.1 50.9 -7.9 62.41 1.226



Now, α = 0.05, d.f. = 5 and the critical value is χ2α. On searching for α = 0.05, d.f. = 5 in the χ2-table, we get 
the critical value to be 11.07. 

As 11.07 lies to the right of 4.09, it lies in the non-rejection region. Hence, we don’t reject the null 
hypothesis H0. The test results are not statistically significant at the 5% level. 

At 5% significance level, the data don’t provide sufficient evidence to conclude that the colour distribution 
of the candies differs from the theoretical distribution. 

If we use the P-value approach, the P-value for this test is the probability of observing a value of χ2 of 4.09 
or higher if null hypothesis is true. 

For d.f. = 5 in the χ2-table, 4.09 is to be found for α > 0.1. Hence, P > 0.1 which is greater than the given    
α = 0.05. 

Hence, the null hypothesis is not rejected. 

Test for Independence 
The Independence Test evaluates whether two variables, measured on a nominal level, are independent of 
one another or whether one variable is dependent (or contingent) upon the other. 

The categories of one variable are arranged in columns (C) and the categories of the other variable are 
arranged in rows (R). The intersection of a row and a column is called a cell. The size of the contingency 
table is R × C. 

A contingency table presents observed and expected frequencies for the joint occurrence of categories within 
the two variables. The observed frequencies come from the data in the sample. The expected frequencies 
given by E = RC/n are obtained from the marginal frequencies, which are the rows and the column totals. 

For conducting the test the following assumptions must hold true, 

All expected frequencies are greater than or equal to 1. 

At most 20% of the expected frequencies are less than 5. 

To perform a non-parametric Independence Test, the following procedure is used 

i. Select the null hypothesis H0 : The two variables are independent of one another and alternative 
hypothesis Ha : The two variables are not independent of one another. 

ii. Calculate the expected frequency for each positive value of the variable using the formula, E = RC/
n, where n is the sample size, R is the row total and C is the column total. 

iii. Decide the value of significance level, α. 

iv. Compute the value of the test statistic,  

  where, O and E represent observed and expected frequencies. 

v. Use χ2 table to find the critical value, χ2α, for the test with degree of freedom, d.f. = (R-1)(C-1). 

vi. If the value of the test statistic falls in the rejection region, reject H0 otherwise do not reject H0. 

vii. Interpret the result of the hypothesis test. 
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χ 2 = O − E( )2 E∑



To perform a P-value hypothesis test for Goodness of Fit, the following procedure is used 

i. Follow Steps i. to iv. From above. 

ii. Use χ2 table to find the P value for the test for d.f. = (R-1)(C-1). 

iii. If P ≤ α, reject H0 otherwise do not reject H0. 

iv. Interpret the result of the hypothesis test. 

Example: (Problem 13.57, Introductory Statistics by Neil Weiss; Pearson Education) 

In the late Gene Siskel and Roger Ebert’s TV show Sneak Preview, the two Chicago movie critics 
reviewed the week’s new movie releases and then rated them as Thumbs Up (Positive), Mixed and 
Thumbs Down (Negative). The data is recorded as below, 

At the 1% significance level, do the data provide sufficient evidence to conclude that an association 
exists between the ratings of Siskel and Ebert? 

The null and alternate hypotheses are given as, 

H0 : The ratings of Ebert and Siskel are independent of one another 

Ha : The ratings of Ebert and Siskel are not independent of one another 

The significance level is given as α = 0.01 

The sample size n = 160 

The degree of freedom for the sample is  d.f. = (R-1)(C-1) = (3-1)(3-1) = 4 

The frequencies can be calculated using the following table, 
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Ebert’s Ratings

Thumbs Down Mixed Thumbs Up Total

Siskel’s 
Ratings

Thumbs Down 24 8 13 45

Mixed 8 13 11 32

Thumbs Up 10 9 64 83

Total 42 30 88 160

Thumbs Down Mixed Thumbs Up

O E = RC/n (O - E)2/E O E = RC/n (O - E)2/E O E = RC/n (O - E)2/E Total

Thumbs 
Down

24 11.813 12.573 8 8.438 0.023 13 24.75 5.578 45

Mixed 8 8.4 0.019 13 6 8.167 11 17.6 2.475 32

Thumbs 
Up

10 21.788 6.378 9 15.563 2.768 64 45.65 7.376 83

Total 42 18.97 30 10.958 88 15.429 160



The value of χ2-statistic is, 

Now, α = 0.01, d.f. = 4 and the critical value is χ2α. On searching for α = 0.01, d.f. = 4 in the χ2-table, we get 
the critical value to be 13.28. 

As 45.357 lies to the right of 13.28, it lies in the rejection region. Hence, we reject the null hypothesis H0. 
The test results are statistically significant at the 1% level. 

At 1% significance level, the data provide sufficient evidence to conclude that the ratings of Siskel and Ebert 
are not independent of each other i.e. there exists an association between the two ratings. 

If we use the P-value approach, the P-value for this test is the probability of observing a value of χ2 of 
45.357 or higher if null hypothesis is true. 

For d.f. = 4 in the χ2-table, 45.357 is to be found for α < 0.001. Hence, P < 0.001 which is lesser than the 
given α = 0.01. 

Hence, the null hypothesis is rejected. 

Example: (Problem 20.5, Elements of Statistics II: Inferential Statistics; Schaum’s Outlines) 

A car manufacturer wants to know whether the buyer’s age influences the colour of the car purchased.   
For 500 buyers, he records the data for four colours blue, red, white and black and the ages in three 
categories; young (under 30), middle aged (30 to 50) and old (over 50). The data is recorded as below, 

At the 5% significance level, do the data provide sufficient evidence to conclude that the age of the 
buyer is independent of the colour of the car purchased? 

The null and alternate hypotheses are given as, 

H0 : The age of the buyer is independent of the colour of the car purchased 

Ha : The age of the buyer is not independent of the colour of the car purchased 

The significance level is given as α = 0.05 

The sample size n = 500 

The degree of freedom for the sample is  d.f. = (R-1)(C-1) = (4-1)(3-1) = 6 
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χ 2 = O − E( )2 E∑ = 18.97 +10.958 +15.429 = 45.357

Age

Young Middle Aged Old Total

Colour

Blue 73 59 48 180

Red 32 16 12 60

White 74 65 51 190

Black 21 20 29 70

Total 200 160 140 500



The frequencies can be calculated using the following table, 

The value of χ2-statistic is, 

Now, α = 0.05, d.f. = 6 and the critical value is χ2α. On searching for α = 0.05, d.f. = 6 in the χ2-table, we get 
the critical value to be 12.59. 

As 11.682 lies to the left of 12.59, it lies in the non-rejection region. Hence, we don’t reject the null 
hypothesis H0. The test results are not statistically significant at the 5% level. 

At 5% significance level, the data don’t provide sufficient evidence to conclude that the age of the buyer is 
independent of the colour of the car purchased. 

If we use the P-value approach, the P-value for this test is the probability of observing a value of χ2 of 11.682 
or higher if null hypothesis is true. 

For d.f. = 6 in the χ2-table, 11.682 is to be found for α > 0.05. Hence, P > 0.05 which is greater than the 
given α = 0.05. 

Hence, the null hypothesis is not rejected. 
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χ 2 = O − E( )2 E∑ = 4.484 +1.114 + 6.084 = 11.682

Young Middle Aged Old

O E = RC/n (O - E)2/E O E = RC/n (O - E)2/E O E = RC/n (O - E)2/E Total

Blue 73 72 0.014 59 57.6 0.034 48 50.4 0.114 180

Red 32 24 2.667 16 19.2 0.533 12 16.8 1.371 60

White 74 76 0.053 65 60.8 0.29 51 53.2 0.091 190

Black 21 28 1.75 20 22.4 0.257 29 19.6 4.508 70

Total 200 4.484 160 1.114 140 6.084 500


